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Comments:

These notes are intended to merely augment and not completely reproduce the recorded
lectures. I think it’s can be a little tough to see what he’s writing, so I think this will
be helpful. Professor Benedetto gives significant informative exposition during his lec-
tures (which I appreciate). I have to apologize, but I have largely left this out. This is
not out of disrespect, but it’s hard to do it much justice without pictures (which I’'m not
drawing here), and my notes on this are poor (I'm just listening). I think this is much
better understood through the videos, anyways.

A note on errors: I'd like these to be professional quality, but I’'m producing these notes
for my own purposes. [ have handwriting like a three year old, but I like to keep my lec-
ture notes. I have absolutely no doubt that this document is riddled with typesetting er-
rors. I welcome your help in finding them. Please email thomas.mccullough @ gmail.com,
and I'll happily fix them. This will help me, and hopefully you too.

I have tried to stick with his notation. I apologize for the places that I've failed, this is
not out of disrespect, just simply my bad habits. I have taken liberty on occasion. In
particular, theorems quoted for the result with no proof given I have called propositions,
and I have pulled some things I call lemmas out of the proofs to streamline. Any other
places that I have taken liberty I explicitly mention. I have cited several things in “Real
and Complex Analysis” by Walter Rudin [ 4], which is the only real analysis book that
I have. These things can no doubt be found in any decent analysis book, so consult
what you’ve got.


mailto:thomas.mccullough@gmail.com
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Lecture 1

02 September 2008

Let me preface this entire chapter with a reference to [ 14, Chapter 9]

Fourier Transform Definition and Basic Examples

Definition. Let f € L'(R). The Fourier transform of f, denoted by f is defined as
fo= f f(x) - e dx.
R

Note that f € L'(R) does not imply that f € L'(R) (you’ll see an example shortly). In
this case, the inverse is tricky to define.

def

Definition. Define a dilation of f by A as f3(f) = A - f(At), and consider the effect of
this dilation on the Fourier transform. By simple substitution, it is easily demonstrated
that

L) = Fy/2
Example 1.1. Let f() = 1;_7.7)(t). Then,

f()’)Zf]ll—T,Tl(f)'e_zmtydl
R

T .
— f e—th}/dt
-T

1
—2niy

T
. e—27rity

-T

1 eZm‘Ty _ e—27'riTy

ny 2i
sin(2xT7y)
y

We define d(y) = sin(y)/(ry), called the sinc function. Then, f(y) = dyr(y) is a
dilation of the sinc function. Note that f ¢ L!(R).
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Example 1.2. Consider f(¢) = e"”’z, where r > 0. Then,
fo) = f e e gt
R

d , d —nrt —2nity
= fy) = — L 2mi gy
dyf(w dy fR ©e

— f ie—ﬂrf . e—Zm'Iydt
r dy

This exchange of integral and derivative must be justified, by something like the dom-
inated convergence theorem. Resuming,

f(_zﬂ.i) LTt e—27rit7dt
R

i d __» i .. .
=- f —(e7™") . ¢~ 4t using integration by parts
r Jr dt
I > N =2 N .
o, (e—lrrt e—Zme) + Y fe—ﬂrt . e—27r1tydt
r R

—co r

=0
-2 R
= iy

r

Then, we have the differential equation
d . =27y A
—for=—"fm
y r

We can infer that f(y) = C - ¢?, where

d -2 - y2
d—g(7)= == gy) = Y
’y r

Then, we see that f(y) = C - e™"/" and

C = f(0) = fe_””zdt let u = nrt?
R

_ 1 fwu*”ze*“du=r(1/2)= 1
var Jo Ve

Then, it follows that f(y) = r=1/2 . ¢/,

Analytic Properties of the Fourier Transform
Proposition 1.3 (Riemann-Lebesgue Lemma). If f € L'(R), then

lim f(y) =0.
[yl—eo
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Proposition 1.4 (Open Problem). Let f be in the class of all continuous functions
which vanish at +oco. Is f Fourier equivalent (same Fourier tranform) fo an L'(R)
function?

Proposition 1.5. Suppose that f € C™(R) form > 1 (differentiable m-times), f, f, ..., f™ €
LY(R), and
fork=0,1,...,m, lim f®Px)=0.

X—*00

Then, ) A
F(y) = Qriy)" - f(y)

This follows from a routine integration by parts. Note the importance of translating the
differential operator into a polynomial relation (similar to the Laplace transform).

Definition. Let f, g € L'(R). Recall that the convolution of f and g is defined by

fxg)= fRf(t —u) - gu)du

It turns out that the translation invariance of the Lebesgue measure (it is a Haar mea-
sure) guarantee that convolution is associative and commutative. This is equally valid
on any locally compact group using a Haar measure (which is essentially unique).

Proposition 1.6. If f,g € L'(R), then f+g € L'R)and f =g = f - 3.
Proof. This is straight-forward application of Fubini’s theorem.

JE—

frgy) = fRf % g(x) - € dx

= f ( f flr=9)- g)dy) - e dx
R R

= [eo-( [ sx-n-eras)ay
R R

- f 800+ f for=y) - O dx) ay
R R

-( fR g0 e ay). fR F) - € )
= -2
O

Note that because convolution is commutative, associative, and distributes with respect
to addition, we can consider L!(R) as a ring (without unity) with respect to this product.
In fact, it is a Banach algebra.

Definition. A sequence (or net) of functions {k,} € L'(R) is called an approximation
to the identity if the following hold:
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1.
Vn, fk,,(t)dtz 1.
2.
aC > 0 s.t. Vn, flk,,(t)ldt <C.
3.

Ve >0, lim lk,(D)ldt = 0.

n—00 Jiup

Theorem 1.7. Let f € L'(R) s.t. || Sy = 1. Then the collection {fa} is an approxi-
mation to the identity.

Proof. Parts (1.) and (2.) Dilations preserve the value of the respective integrals.

Part (3.) Note that
L WFnldr = f| s
t>e ul>e-A

By assumption, we have that f € L!(R), so the limit of the RHS must go to 0. O

Theorem 1.8. Let f € L' (R) and {k,} be an approximation to the identity. Then,
r}gg”f = fxkyllpiry =0

This motivates the name approximation to the identity, and is a critical idea to establish

the fundamental ideas of the Fourier transform.

Proof. Suppose that {f;} € C°(R) is a sequence of compactly supported functions in
L'(R) converging to f (in L' (R) norm). It is an elementary property of the L”(R) spaces
that C°(R) is dense for 1 < p < co. Then, consider that
N(f = fxk)—(fi — fi*kn) ”LI(R) =1 =)= = f) *ka ”L'(R)
<If = fillog + 11 = i) * kol ) Minkowski
<lf-r ”L‘(R) +If=f ||]_‘(]R)||kn ”L‘(R)

—0asi— oo

Then, it suffices to assume that f € C°(R).

Note that any compactly supported, continuous function is bounded, uniformly contin-
uous, and non-zero on a set of finite measure. Let M = || f ||.~®) and C = sup, {II f ||L1(R)} <



Lecture Notes for Math 648

0o, Given &€ > 0, then 36 > O s.t. |f(x —y) — f(x)| < &/2C, Y]y| < 6. Now,
F) - fR k() - fx = y)dy = fR k() - £(0)]dy — fR [a(3) - fx — )]y
_ fR k) - Lf(X) = fx = y)dy

< fR ka1 - L) — Fx = y)ldy

LHS

_ f| O 1700 = Sy ¢
yI<

fl GO = fe =iy
>

RHS

Given §, we know that

& E
RHS < 2M k,()ldy <2M - = = £
|MI Mldy "3

for sufficiently large n, by property 3 for approximations to the identity.

Also, we know that

& &
LHS < - - kildy < — - C = =.
supl0) = £x =) [ Iy < 5 C =5

Then, we see that
1= [ ) fa =iy <&
R
Then, the desired result follows from the dominated convergence theorem. O

Theorem 1.9. Suppose that H(y) € L'(R) is a function such that 0 < H(A-y) < 1 and
Yy, }11m0 H(Ay) =1 and h)(x) = f H(A-y)-e*™ dy forms an approximation to the identity
- R

Then, we have the following:

L If f € L'(R), then
(f=hy)(x) = fH(/l . Y)f()/) . e27rix'yd7
R
2. Suppose that f € L'(R), and f € L'(R). If

g(x) = f fo) - dy, then || f - gl = 0
R
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3 IffeLl'R)s.t. f=0,then f=0.

In[14], he gives the example H(y) = e and h,(t) = 24/(A1>+x2). Professor Benedetto
was using H(y) = Li-1/2x,1/22(A) - (1 = 27tlyl), but the only important properties for the
two are stated above.

Proof. Part (1.) This is a simple application of Fubini’s theorem.
(f = h)(x) = ff(x—y)dy[[-](/l ) - Y dy
R R
= fH(/l . y)dyff(x -y)- e2friyydy
R R
= f H(L - y)dy f F) - 256 gy
R R

_ f HQ-)f () - & dy
R

Part (2.) First, note that

1= gl < fR [/ - (o lax + fR 0+ oo - fR HL) - f- & .

by the triangle inequality. Letting 2 — 0, we know that the left component of the above
goes to 0 by the assumption that {/,;} forms an approximation to the identity. Similarly,
we assumed that H(1 - y) — 1 and the dominated convergence theorem implies the
right component goes to 0. Then, we’re done.

Part (3.) A direct corollary to the previous part. O

This establishes the basic properties of the Fourier transform. The next results require
more sophisticated analytic techniques.

Proposition 1.10 (Plancherel Theorem). There exists a unique linear isometry
F: *(R) > L’(R)
such that
1L Yfe L)), || flizg =1 F(H ll 28 (isometry).
2. Vf e L'"R) N LA(R), F(f) = f (extends our definition of Fourier transform).

The proof of this is quite similar to the above, and the technical details are omitted
here. It follows from the fact that f € L'(R) N L*(R), || f ll 2, = Il fll2@). The rest

follows from the fact that L'(R) N L*(R) is dense in L?(R), and we have an isometry
mapping a dense subset of L2(R) onto a dense subset of L2(R). The completeness of
these two spaces guarantee the existence and uniqueness of F.

Proposition 1.11 (Parseval’s Formula). Let f,g € L*(R), then

f £ - g0 dx = f fo)- T dy
R R
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Fourier Series
Definition. Let Q > 0 and F: R — C be 2Q periodic. Define Tro = R/(2Q2), and
suppose that
f |F|dx < oo for YK C R of finite measure.
K

Then, we say that F' € LI(TQ_Q). The Fourier Series of such an F is denoted

Q
S(F)(y) = Zf[n] . e—27riny/2§2, fln] & % . f F(y)- eZm‘ny/2Qd7

nez -Q

Note that there is no guarantee that this series converges, and sometimes it doesn’t.
There Riemann-Lesbesgue lemma still holds in this setting.

Proposition 1.12 (Dirichlét). Let F € L'(Tyq), and F be differentiable at vyy. Then,
S (F)(y0) = F(yo), in the sense that

N

: ., 2miny[2Q _

pim ZMf[n] e = F(yo)
n=—

Proposition 1.13. Let F € L' (Tyq). then, Yo, B8] C [-Q, Q] we have

Y 5
Stal- [ e agy - [ Fony

nez a

This is true, regardless of the convergence of the Fourier series.

Periodization of an L'(R) Function

Definition. Let 7 > 0 and f € L'(R). The T-periodization of f is the T-periodic
function

frey=")" f(t=nT)

nez

Note that

T . T
| iionar= [
0 0

T
< Z f |f(t — nT)| dt (triangle inequality and Fubini)
0

nez

(1-n)T
=Zf‘ |Fw)l du
nT

nez ¥

Z ft - nT)' dt

nez

:LWWW=WWW

which establishes that fr € L'(Ty) and that the expression defining fT converges a.e.

10
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Theorem 1.14. Let f € L'R)and T > 0, and { fT[n]}neZ be the sequence of Fourier
series coefficients for fr. Then,

Proof.
. 1 (T, ,
frinl = — f - dr
T Jo

I ,
=27 f f(t=mT)-e¥™IT dt (Fubini)
0

mezZ

1 (1-m)T )
= Z T f f(l/l) . eZmn(qumT)/T du

mezZ mT

1 (1-m)T )
— T Zf f(u) . eZmnu/T du

mez ¥~ ~mT

1 .
— T Lf(u) . eZmnu/T du

1 ,-n
:F.f(_T)
O

Corollary 1.15 (Poisson Summation Formula). Suppose that f € L'(R). Suppose that
S(fr)(t) = fr(t) for some t € Ty (i.e. if fr is smooth at t). Then,

TZf(t +nT) = Zf(_?n) . 2mint/T

nez nez

Proof. By assumption,
Ty f+nT) =T SO =T fry=T Y frln]- e/ = %" f(Z2). 2T

nez nez nez r

O

11



Lecture 2

09 September 2008

Proposition 2.1 (Poisson Summation Formula).
T-) f+nT)= )" fn/T)e™"
nez nez
Proof. Proof omitted here. See [2, pgs. 505-523] for a proof. O
Example 2.2. It is the case that 4f € LI(R), f continuous, f(n) =0, VYn € Z, f(n) =
0Vn#0and f(0) = 1.

Proof. No proof of this claim will be provided. This example is intended to illustrate
that the statement in Proposition 2.1 doesn’t hold universally. The conditions under
which it does hold have remained unstated, but there clearly are some. m]

For clear notation in what follows, define

def

PWq = {f € L’ (R) | supp(f) c [, Q]} and t,s(t) = s(t — u)
where PW stands for Paley-Weiner.

Theorem 2.3 (Classical Sampling Theorem). Let T, Q be positive real numbers such
that 0 < 2TQ < 1. Let s € PWypor with §(y) = 1 for vy € [-Q,Q], §(y) = 0 for
y ¢ [=1/2T,1/2T], and § € L°(R). Then,

VfePWa, f=T- ) fOiT)urs
nez
in the L? norm.
Proof. Note that by the Plancherel Theorem [ 14, p. 186], we have:
1f =T > fOT sl =1f0) =T+ Y. f(uT) - e 3) Il 2e

[n|l<N [n|l<N

=If) =T ) fl)- e 5|

= (-2

@2.1)

12
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Figure 2.1: Example f and s

def

Define G € LX(Ty7), where Ty ;7 £ R/((1/T)R), by

f, <o

GO = {0, Q<y<1/2T

Then, by [14, p. 186], the Fourier series of G is given by
Z G[n] . g~ 2minTy
|n|<N
where
h f G(y)-&™"dy =T fn foem™dy = T f(nT)
Ty -Q

Then, continuing our calculation

QD =1f= ) Gm-e?™7 .5

[n|<N
=0 =Gl +1G =SNG Sz~

L([- %5 D

L2(- 225D

The first term goes to zero, again by [14, p. 186], so we are left with

IG = Sn(G) -3l 135G =SNG I

(R (RN

< 8lo 16 =SNG Iy
where the last inequality is Holder’s. This last term again goes to O by [14, p. 186].
That completes the proof. O

Example 2.4. Let 2TQ = 1 and sq(¢) = daza(t) = sin(27Qr)/xt. Recall that the inverse
Fourier transform of [—Q, Q] is sq.

Example 2.5. Set ¢(7) = sq(f)/ V2Q. Let V,y = span{t,r¢}. This leads directly to an
MRA, which will be discussed later. Let y(¢) = (1/ V2Q) - (s20(f) — sa(?)). This is
known as the Shannon dyadic wavelet.

Now, for some applications of PSF (2.1):

13
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1. TY 6, = Y, e*™T _ engineering notation for dirac delta function (distribution)
2. Classical Sampling Theorem and relations to Locally Compact Abelian Groups

3. Euler-MacLaurin Formula: T - Y5 f(nT) = fooo f(®)dt + error terms

4. Jacobi Formula: 9(¢) = 3, e,
() Vt>0,90) = % 9(3)
(b) Diffusion Equations
(c) Statistical Mechanics
(d) Automorphic forms & Elliptic functions
(e) Deligne’s proof of the Ramanajan conjecture

(f) Selberg trace formula is CST in number theoretic, non-abelian setting.

Given Z,, = Z/nZ. Define the Fourier transform of f: Z, — Cas F': Z, — C where

F[n] — Z f(m)e—ZHimn/N

meZ,
Theorem 2.6 (Inversion Formula). Given f and F as stated, then

f(m) - % Z F(n)e27rimn/N

nez,

Proof. This shakes out immediately from the fact that

N

Z S2in/N _ ()

n=0

O

Theorem 2.7 (Discrete Fourier Transform). Let Q > 0, N € 2N, and T s.t. 2QT = 1.
If f € PWq, then consider the dilation fr as a function fr: Z — C (in addition to
being a continuous complex valued function on R), by m v~ fr[m]. Define Wy = *™/N
for notational purposes. Assume that fr € €'(Z) and suppose that f is continuous on
[-Q, Q). Then, Yn € (-N/2,N/2), we have

(20, . N-1
f(Tn) = f(%) = mZ:;)(fT)o[m] - WY, where (fr)y =T kZZ:f((m +kN)-T)

Proof. By the CST (2.3), we have that

f=T Z fnT)  turdong = f=T Zf(mT) ce_nr - g

14
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where e, (y) = 2%,

If n e (-N/2,N/2), then

f(%) =T Zf(mT) . e—27rimT2Qn/N (ZTQ — 1)
mN+N-1
=T Z Z f(pT)e—27ripn/N
m  p=mN
N-1
=T Z Zf((j i mN)T) . ¢~ 2mi(jm/N+mN)
m  j=0
Rearranging the sum completes the proof. O

Now, for some historical motivation for wavelets.

Definition. Let g € L2(R), and a,b > 0. The Gabor or Weyl-Heisenberg system of
Coherent States is the sequence {g,,, | (m,n) € Z X Z}. Where

2mitmb

gmn() =€ - g(t —na) = epp(t) - 1,a8(0).

Note that 8,,,(y) = Tms(e_nq - §)(y). This arises as a tool in Quantum Mechanics.

Definition. Let y € L(R). The Dyadic Wavelet or Affine System for y is the sequence
{lpm,n | (m, I’l) €ZX Z}, where

'pm,n(t) = 2H1/2 . l//(Zm = I’l) — l&m,n(’)’) — 2—'11/2 e, ‘7@(7 . 2—m)

This arises in conjunction with the so called Affine Group, the group of affine transfor-
mations of R.

Some wavelets references: for a mathematical treatment see [10], for an applied math
treatment see [3], for an engineering treatment see [9].

Wavelets were developed independently in numerous disparate fields, from distinct ef-
forts and without significant cross fertilization until relatively recently.

In mathematics, this work was motivated by work in algebraic bases for function
spaces, the study of Fourier tranforms/series, and splines. Significant work was per-
formed by Haar (1909) in his PhD thesis, Franklin (1927), and Stromburg (1970’s),
Littlewood-Paley theory, and the Calderén formula.

In physics, the work was motivated by the above Gabor systems, in the work of Von
Neumann (1920’s or 1930’s), Heisenberg, and Weyl.

In engineering, the work was motivated by STFT (Short Time Fourier Transform),

speech processing (1970’s), two aspects of multi-resolution analysis - Quadratic Mir-
ror Filters (1970’s) and Image Processing (pyramidal schemes), the radar-ambiguity

15
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function (1953), and Walsh functions (primordial wavelet packets).

Proposition 2.8 (Alberto Calderén). 3y such that ¥V f € L*(R)

d
f(f)=flﬁ1/u*lﬁl/u*f—u
R u

Proof. For a proof, see [1, 2.2.2 (c.)]. It will not be proved here. To see what ¢ must
be like, let’s take the Fourier transform. Note that

A A N d N d
fn=r- fR [90(147)]2% = fR [l//(m’)]zf = 1 (almost everywhere)

The establishes the continuous wavelet transform. m]

Proposition 2.9 (Ingrid Daubechies). Given r > 1, then Yy € CE”(R) such that (Y}
is an orthonormal basis for L*(R).

Proof. No proof given. This establishes a wavelet basis of arbitrary smoothness for
L%(R). This is an important extension to Haar’s work, which established a non-smooth
(step function, in fact) wavelet basis for L>(R). |

16
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16 September 2008

The next step in the evolution of wavelet theory was Multi-Resolution Analysis (MRA).

Definition. (Intuitive) Set

fM = Z Z(,ﬁd’m,n) : 'ﬁm,n

m<M neZ

def

Assume that ¢ satisfies suppy € [-1/2,1/2]. Then, supp¥, S Lyn, = [027" —
2-(m+l) po—m 4 2=(m+1)] Note that

Smer = fu +slmet s Wi n

In other words, fy1 deblurs fy; by adding details at a finer scale, on intervals of length
2-m*2) This is the essence of MRA.

Definition. (Formal) This was probably first formalized by Y. Meyer. The pair {V}} jcz, ¢
is an MRA of L*(R) if

1. each V; is a closed subspace (of L’ (R).

2. V; €V, foreach j € Z.

3. UV; = L%(R) and (1 V; = 0 (the zero function).

4. fHeV; & [fQ2HeV.

5. feVy & VYkeZfeV,.

6. ¢ € Vy and {1¢}iez for an orthonormal basis (ONB) for Vj.

For example, ¢ = 101y and V = span{t,¢}, this is the Haar system.

Proposition 3.1. Given an MRA {V;}, ¢ of L*(R), then there exists an explicitly con-
structible ¢ s.t. (.} is an ONB for L*(R).

17
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Outline of Meyer’s Algorithm: W is defined s.t. V; @ W; = V4.
1. Ay € Wy s.t. {txy} is an ONB for Wy and {,,,} form an ONB for L2(R).
2. dhy[n] s.t.

@)= V2 3 holnl - 92t —n) = V2-4(2y) = Ho) - ().
Where Hy(y) = X ho[n] - e 2" Then,
WD) = V2- ) nlnl - @t —n) = V2-§2y) = - Holy +1/2)- ()

where h[n] = (=1)" - ho[-n + 1]. So, |Ho(y)> + |Ho(y + 1/2)]> = 2.

Proposition 3.2 (Heisenberg Uncertainty Principle). If f € L*(R), o € R, o € R,
then
||f||iz(R) <An-|l@—10) - fO 2 - 1y =70) - F 2

There are a series of Fourier uncertainty principles spawned by this idea.

This gives rise to two extreme cases:
e Suppose that f € LIZOC(R) so that f is L2(J) for any finite interval I, and a €
[-3/2,—1/2). Suppose that f(¢) is asymptotic to |¢f|*. then, f € L*(R) and fltl2 .
|f(0)Pdt = co.

e Suppose that f = 1j_7.7; so that f = da, and flyl2 Afp)Pdy = .
Example 3.3. Suppose that

g(®) = A [é . e—S(f—to)z TN
T

ot = 4l (t = 10) - §O) I o) = 7/

s =47l (y = ¥0) - &N Iz 5, = 5/

In this example, we get equality in the uncertainly principle. Apparently, this is an if
and only if situation. If we view the uncertainty principle as a product of variances, then
this situation for g seems to maximize the effectiveness of the process. This approach
was an important part of Gabor’s contribution - “’the best utilization of the information
area”. He wanted to decompose every signal into a collection of gaussians, to minimize
the uncertantity. That is, write

f(t) = Z Cmn * A ’ & . e_s(t_”(rzf)z . ezﬂim(rzy
e

m,nez.

As it turns out, this doesn’t quite work. It was a significant contribution to the field,
because it stimulated a lot of ideas.

18
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Gabor Gaussians

08 - &S(t-to) g2ty

06 - §=.25; t5=2; yg=2 ———

0.4 -
5=.25; t5=2; yp=0 ——

0.2 -

-0.2 -

0.4 |

-0.6 -

-0.8 -

-10 -5 0 5

Proposition 3.4 (Balian - Low Theorem). Given a,b > 0 with ab = 1. Let f € L*(R),
and fi,(t) = g2rimbt - f(t = na). If { finn} is an ONB for L*(R), then

thﬂWm=w0ﬂ[WJMWM=w
R R

It is clear that Gabor’s idea is incompatible with this fact.

Example 3.5 (Morlet Wavelet). Let (1) = e ™" - (€270 — ¢™%) and (1) = 22 -
W(2™" - t — n) be the dyadic system of dialates and translates.

The real idea is the ”same number of cycles for low, medium, and high frequencies”.
See [12].

Proposition 3.6 (Gabor Decomposition). This notation is a bit stiff. Suppose that
T,Q > 0,2TQ < 1, and g € PW1/2T with § € L°R), & = 1 on [-Q,Q]. If
2TQ < 1, then there are other conditions incompletely stated... (g continuous, g > 0
on [-1/2T,1/2T], maybe more?). Set

G = ). ety —mb)P s(t) = R/G) (1)

Then, Vf € L*(R),
f =T- Z(f’ entrmb§> : T—mT(embs)
Then, by theorem 2.3,

VfePWq,f=T Z F(T)Trs

19
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15

0.5
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0.5
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Morlet Wavelet

10

T
| T2, 2Tty 2
U‘ Wy =e™ (@™o-e™)  (y=1)
- | Win® =2™2 Y@M - n) 4
(I
“ Yis
‘ | Y3
;“‘ “\ S~ A ‘ I\
[ T
\ \/ ‘ ‘ |
\ / / ]
\V, \V (| I
\‘ ‘
\
= || 4
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Shannon Wavelet
(
W(t) = 27 [sin 41t - sin 2mt)/(7t)
Yo6
L "] i
N o
[\
\ \ A
/ \ \ N A AT
NNV A \ \/
\\/‘ \/
| | |
-10 5 0 5

Theorem 3.7 (Shannon Wavelet Decomposition). Let Q > 0,

¢ =(1/V2Q) - dog

¥ = (1/V2Q) - (dane) — dang) 50

V2Q - = 120-0) + La2al

V2 o) =277 V20 3( )

20
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Let f € Lz(R), f = F (notational convenience), Q > 0, ¢ and ¥ as above. Then,

f= @'f*go"'izdm,nwm,n/uﬂ) =

m=0 nezZ
f= Z Z Ay - Umnjaq) in the Lz(R) norm.
meZ nez
1 2m+lQ 2 7 2IH+ZQ
dmﬂ = W . j:zmﬂg F(’)/) . (ﬂ[_zmﬂ’_zmﬂ) + ]1(2”’9,2’"”9])(’)/) - e "ln'}’/( )d;y
Proof.
_vaa-For o0+ S Fon - ()| = vaa. (L
F(y)= V2Q-|F(y) - ¢(y) + mZ:OFm (50| = V22 mEE]ZF(w (5

Set Fu(y) = V2Q - F(y) - 4(y/2™), and f,, = F,,. Then, Vm € Z, fy € PWanuiq and
supp Fyn C [-271Q, —2mQ) U (27mQ, 2m+1Q)].

Then, we can consider F,, as a 2"+2Q periodic function on R with

V2Q - F(y) - lp(zlm) on [=2"*1Q, 21 Q]

SF)(y) = Z Cu - €Y/ @mq) (Fourier series)

mezZ
From the basic facts of Fourier series, we know that

2+ ,
In(0) = f Fu(y)e™dy
-2m1Q

om+l1

:\/m.zcmﬂf

meZ

2m+lQ
(/A/(Zlm) - 2it=m/ Q") g, i 2(R) norm.
2m+IQ

Uimn/40)

But, remember that

f= me = Z Z V20 Cinn * Wi/ (40

mez meZ nez

Note:

® {040} 1s not orthogonal in L%(R), even though

3 e—2ni(n/(2m*29))y}

1
{2m/2 -V2Q
is an ONB for L2(Tymg).
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® {Y,0/20)} 18 an orthonormal sequence in LZ(R). Therefore, if we show

VFELP®), ) K ftmmea)l =11 f I

mnez

then we can conclude that {{,, »/0)} is an ONB for L (R).

Definition. Let H be a separable Hilbert space, {e,},cz C H is a frame for H if A, B >
0s.t.
Vxe H, Al < ) K(x, e < Bl

nez

If A = B, then it is called a tight frame.

The Shannon Wavelet Decomposition 3.7 asserts that {1}, /4q)} 1S a tight wavelet frame
with A = B.

Proposition 3.8. If {e,} is a frame for H, then

VxeH, x= Z(x,S_len) - e,, where Sx = Z(x, e, ey

It turns out that Sx defines a topological isomorphism (I think this is directly from open
mapping?). See chapter 12 in [6].
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Definition. Let K C R be called 7 congruentto [-1/2,1/ 2y iff AK ;) adisjoint (except
on sets of measure 0) set of Lebesgue measurable subsets of R, and 3{k i} < 74 s.t.
{K} is a partition of K and {K; + k;} is a partition of [-1/2, 1/2)%.

Example 4.1. Let K = [-1,-1/2)U[1/2,1) CR.

1. K is 7 congruent to [-1/2,1/2). Let K- = [-1,—-1/2) and K, = [1/2,1). Then,
(K- + 1)U (K, — 1) = [-1/2,1/2). This example is relevant to the artwork of
M.C. Escher.

2. {2"K} ez is a partition of R.
3. Lety = 11112 + Lo = 1x. Note that if £ € LA(R), and m, n € Z, then
n N -1/2 i L '
fwm,n ' fd/l = f (2m/l) . 82]””/1(1/1 + f(zm/l) . eZmn/ld/l
& -1 1/2

1/2 ) 0 .
= f@Wv—ka”mwlf f@"y+ 1) - edy
0 -1/2

1/2 ) R A
= [, € (0= DL - 1+ f2 0w DL D)y

This example will reappear in later work, and is instrumental throughout this lecture.

I took the liberty of introducing this as a lemma. It was presented in lecture as part of
a theorem.

Lemma 4.2. If K C R? is Lebesgue measurable s.t.
1. K is T congruent to [—1/2,1/2)%.
2. {2"K} is a partition (tiling) ofRd.

3 Kl =1.
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Let s = 1. Then, Vf € L*(RY), we have

D UKE G =1 F IR

mezZ
nezd

Proof. Obviously, our example works for d = 1, but it isn’t clear that this even works
for higher dimensions (it does). No matter for now, suppose we had such a set. Then,
note

Dl = ) 2

mezZ mezZ
nez? nez?

= Z p-md

mez,
nezd

= szd

mezZ
nez?

= szd

mezZ
nezd

— Z 2md (f
[-1/2,1/2)

mez

= om f 7@ v|fda
K

mezZ

=> f \fn[dy
mK

mezZ

2
by Parseval’s theorem

[ o2 oz Gamay
R

2

_faray et a2 dy
R

2
f f(zm/l) . eZﬂin-/Id/l‘
K

2

f S2inA [Z f(zm(y —kj) - Lg—j(y - kj)] dy
[-1/2,1/2) j

Gu(y)

2
Gm(y)‘ dy) by Parseval’s theorem

= f”i?o{ad) by Property 2 of K

=|f ||iz(Rd) by Plancherel

O

Theorem 4.3. Let K = [-1,-1/2)U[1/2,1) and l/A/ = 1k. Then, {{n} is an ONB for
L*(R).

Proof. The set {},,,,} is orthonormal (asserted last class, and an immediate conse-
quence of the Plancherel theorem). To conclude that it is a basis, it remains to show
that

2 2 _ 2
Vf e L2@®), D K tmndl =11 I,
This follows immediately from the previous lemma. O

Theorem 4.4. Let K C R be a Lebesgue measurable set s.t.
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1. K| =1.
2. {2"K} is a partition (tiling) of RY.
3. K is T congruent to [-1/2,1/2)%.
Set = Tx. Then, {Ymn} forms an ONB for L2(RY).
Proof. As in the previous, this follows from Plancherel and the lemma. O

Definition. Let/,, = {x e R |27"n < x < 27"(n+1)}. This is called a dyadic interval.
Note that 7,412, is the lower half of 1,,,, and I,,11 2,+1 is the upper half.

I have taken liberties with this result, to pick the low hanging fruit for the fact that the
Haar wavelets form an orthogonal system.

Lemma4.5. Let I, , and I, ; be dyadic intervals and assume WLOG that m < p. Then,
exactly one of the following holds:

1. Iy,=1,, & m=pandn=q.
2. IyyNpy =0.

3 m<pandl,y C Ini120 C Ly

4. m<pandl,,; C Lyione1 C Lyp

Proof. Suppose not, for a contradiction. The first two cases are trivial, so it suffices to
assume that m < p. Then, it must be the case that
2 +1
L 21T,
2p m 2m+1 2p
2
q - n+1 - g+1
2p 2m+1 2r
+1 2n+2 1
i < n _ n < q +
2p om om+1 2r

or

These all reduce to the case of M < p, and

1<£<q+1
20 oM 2»

But, note that p — M > 0, so N - 2P~M s an integer, and
g<N-2""M<g+1

Then, we have found an integer strictly between ¢ and ¢ + 1, so we have reached the
desired contradiction. Note that the actual conclusion of this is that /, , is in one half
of Iy . |

Theorem 4.6. Let y = 110,12 — 1}1/2,1) be the Haar function. Then,

1. Ym,n € Z, suppYmn = Lyn.
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2. {Wmntmnez, is orthonormal.
Proof. Part (1.) Note that x € SUPP¥mn 2"x —n € [0,1) & 2"x €

[n,n+1) & xe€27"n,27"(n+ 1)) = Ly,

Part (2.) Consider (., ¥ 4. From the previous lemma, there are only four cases.
Case (1.) m = pand n = g, and (by definition of ) we have (W, ¥p.g) = |Wmn 2wy =
1.

Case (2.) Obviously, (Wnn, ¥p4) = 0, because supp ¥, N supp ¥, 4 = 0.

Cases (3.) and (4.) From the lemma, we can conclude that ,,,, is constant (+1) on

Supp ¥, 4. m|
Theorem 4.7. Let ys be the Haar function. Then, {(s,,,,} is an ONB for L*(R).

Proof. That it is an orthonormal system was just shown. Now, it suffices to show that

Vf €L2®R), f= ) (fsthma)mn in L(R) norm.

This will be done as follows: Given &€ > 0 and g € LZ(R).
First, show that AN € N, dgy € L2(R) s.t. supp gy C [-2",2"] and

llg — gn ”LZ(R) < ¢g/3.

Second, show that 3M € N and Af € L2(R) s.t. supp f C [-2V,2"], f is constant on
intervals I, ,, and

Il gn _f”LZ(R) <¢&/3.
Lastly (and most difficult), I{c,,, € C | m,n € F; X F, F; C Z finite} s.t.

1= mathmallomy < &/3.

This outline will be completed in two weeks. O
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Haar Wavelet
15 T
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Y110
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Theorem 5.1. Let  be the Haar function. Then, {,, ,} is an ONB for L*(R).

Proof. That it is an orthonormal system was shown last lecture. Now, it suffices to
show that any function in L?(R) can be approximated by a sum of the Y (0 L2(R)
norm). This will be done as follows: Given € > 0 and g € L%(R).

1. AN e N, dgy € L*(R) s.t. supp gy < [-2V,2"] and

llg — gn ”LZ(R) <¢g/3.

2. AM e N and 3f € L*(R) s.t. supp f C [-2V,2"], £ is constant on intervals I,,,,
and

llgn — f”LZ(R) <¢&/3.
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3. Hempn €Clm,n e Fy X Fy F; CZ finite} s.t.

1= mathmall ey < &/3.

Parts (1.) & (2.) follow from the elementary properties of integration, and will be left
as exercises.

Part (3.) We will do this iteratively. For the first step, define fy = f. Then, we will
define f_;, and write fy = f_; + e_; (where e_; denotes an error term, and does not
conform to our earlier notational conventions).

At this point, Professor Benedetto introduced some notation with brackets that I found
confusing rather than enlightening, so I am just not going to omit it. Recall that we
defined f = f; as constant on the intervals I)s,,. We will define f_; to be constant on
intervals Iy;_; ,. On the interval Ij,_; ,, set

=4 (al ) )

or the average of f; on the intervals Iy, and 372,41 (Where it was constant on each).
So, f-; is constant on intervals twice as long as that of f;.

By definition, e_; onis fo — f-;. Then, on the interval /5, we see that

a0 =(35) - 3 (#l0) 455 ) = 3+ (ol5w) - 475 )

Similarly, on the interval Ij;5,+; We see

s = (2 ) L 28) o ) ==L (a2 - ()

Then, it is clear from inspection that on /3;_;, we have

e_1(t) = e12k/2M) - (14, = L) = e1(t) = 27MD2 e (2k/2M) - Yiy—1,, and

2N+M—I -1

e_| = Z 27 MO  k/2My g on [F2V,2N] = f = o+ Z CM-1k " YM-1k-
%

k=—2N+M-1

Iterate similarly, to define f_, and so forth. This terminates at step (M + N), where
Ivi—snyn = Iy, of length 2V, Then, [-2V,2V] = I_y_; U Iy, and we have

M+N

= f-meny + Z Z Cr-mi M-mk

m=1 k

where f_(y+n) is constant on the intervals [-2",0) = I_y_; and [0, 2Ny = I_no. We
reduce notation to call f_4n) = filj_ovow). If this function is identically zero, then
we are done. That is probably not the case, so we will have to continue this iterative
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process. We end up approximating f with two functions whose supports are strictly
larger support of f. This is unfortunate, but necessary. For any P > 0, we get

M+N+P

f = ZfPfi]l[_zNw‘z[wP + Z Z CM-m ;¥ M-mk

m=1 k

Then, we can note that

2N+P
= oy = 1277 faDpmavor vory gy < 272 f o max{(f+)*}dr < 27V C = 20D
For sufficiently large P, this will be smaller than &/3. O

Note that by carefully considering our last few steps, this will work for any P > 1, and
will not work at all for P = 1.

Definition. The Haar Orthonormal Basis or Haar System for L*(T) is defined as
{0 ¥ma lm=0,1,...,0<n<2"}, ¢ =1.
Proposition 5.2. The Haar System on [0, 1) is a basis for L'([0, 1)).

It is important to note that there does not exist an unconditional basis for L!([0, 1)).
This means that you must consider ordered bases, because the associated sums of ele-
ments may not converge for arbitrary rearrangements (hence, unconditionally).

At this point, two new homework problems are introduced (which will be incorporated
somehow in the homework set):

1. Does the set {Ty, | k € Z,m =0,1...,0 < n < 2"} form a basis for L'(R)?

2. Let f € LP(T), with 1 < p < oo, with wavelet coeflicients (f, ¥, ,). Suppose that
g € L(T) has the property that Vm = 0,1...,0 < n < 2" we have |(f, Ymn) =
(g, Wm.n)- Prove that g € L?(T). What can you say about the relation between g
and f?

Proposition 5.3 (Some Haar System Properties). Choose an ordering for the Haar
system for T, 8, for p = 0,1, .... Define the Haar series of f € L'(T)

H()(y) = Z f1p10y(y), where f[p] = j;f(t)gp(t)dt
p=0

Then, in contrast to Fourier Series, for F € LY(T)
o HF)=F ae.

o F continuous aty = H(F)(y) = F(y).
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There are several other similar type results regarding F and H(F) which were men-
tioned, but not spelled completely out. While these results indicate significant improve-
ments for Haar series versus Fourier series, this is not always the case. Also in contrast
to Fourier series,

o If F € C(T) and Y |f[pll < oo, then it is not the case that }, f[plé, converges
uniformly.

Now, returning to the definition of an MRA.
Definition. The pair {V}} jcz, ¢ is an Multi Resolution Analysis of L2(R) if
1. each V; is a closed (vector) subspace (of L*(R).
2. V; €V, foreach j € Z
3.UV;= L%(R) and N V; = 0 (the zero function).
4. fHeV; = f(2t) e V.
5. feVy = VYkeZyfeV,.
6. ¢ € Vy and {tx¢}iez for an orthonormal basis (ONB) for Vj.
The ¢ is called a scaling function.

Proposition 5.4. Let {V;}, p be an MRA of L*(R). Then, there is a constructible func-
tion y, which depends on ¢, s.t. (..} is an ONB for L*(R).

Examples of this are the Haar (to be shown) and Shannon systems.

Let ¢ € L?(R), and define
— i~ 2
O(y) = E 1@y + n)l

nez
Note that ® € L!(T) by the Beppo-Levi and Plancherel theorems.

Theorem 5.5. Let ¢ € L*(R) and let V = span{tp). Then, {t,¢} is an ONB for V if
andonly if ® = 1 a.e.

Proof. Consider

f‘p(t)mdt = fls’b(,y)|2627rinyd,y
=2 [ ey
k T

=fwwﬁmm
T

There are several standard analysis results that justifies interchanging the sum and the
integral in the last step of the above, namely the dominated convergence theorem or the
Weierstraf3 M-test.

From the basic facts from Fourier series, the left hand side of the above is 6,0 &= @
is 1 ae. O
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There are some other results similar in nature to the above:
e {1,0}isaRieszbasisforV <= FA,B>0st. A<D <Bae.onT

o {t,p}isaframe for V &= dA,B > 0s.t. A < ® < B almost everywhere that ®
is non-zero.

Definition. Suppose that H € L'(T). H is called a conjugate mirror filter or quadrature
mirror filter if |H(y)|2 + |H(y + 1/2)? = 2 a.e. Professor Benedetto cited a book by
author P.P. Vaidyanathan. I think [15] must be the one he intended.

Proposition 5.6. Let ¢ € L*>(R) and assume that {t,p} is ON and

o(y) = % : Ho(%)aa(%) a.e. for Hy € L'(T)

Then, Hy is a conjugate mirror filter.
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Recall the definition H € L'(T)is a conjugate mirror filter if |[H(y)|> +|[H(y+1/2)|> = 2
a.e. Note that such an H € L*(T) and || H |l.~() < V2. Also, define the A(T) € C(T)
to the space of absolutely convergent Fourier series.

Proposition 6.1. Let H € A(T) and
i = [ Hep)- ey
T

then H is a conjugate mirror filter if and only if

Zﬁm—yymm4u=aﬁm=

nez

{1 ifi=k

0 otherwise

In this case, || H |2y = 1 and
2 2
VH Py < 1 H oy < Il = 1L
nez

Definition. Let U = (uj) be an element of N x N complex matrices. U is unitary if
and only if its column (or row) vectors are orthonormal.

Proposition 6.2. Let Hy, H, € L'(T). Define

1 (Ho(y) H0(7+1/2))

Vn="175" (Hl(w Hi(y +1/2)

U is unitary a.e. < Hy, H| are conjugate mirror filters and

6.1)

Ho(y)- Hi(y) + Ho(y +1/2) - Hi(y + 1/2) = 0 a.e.

Theorem 6.3. Let Hy, H, € L'(T), define U as in eq. 6.1. Then, U is unitary if and
only if Hy, Hy are CMFs and 3K I-periodic s.t.

Hi(y) = K(y)- Ho(y + 1/2), K(y +1/2) + K(y) = 0, |K| = 1
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Proof. ”=". Suppose U is unitary. Then,
Hy(y) - Ho(y) = =Hi(y + 1/2) - Ho(y + 1/2) (6.2)

Let A ={y | Ho(y) =0}, B={y| Ho(y) # 0}. Then, ANB=0and AUB =T. If
v € B, then define

-H{(y +1/2)

K(y) = —X_12
Hy(y)
If |A] > O (or it doesn’t matter), and y € A, define
H(y)

K(’)’) = ]:’}/

Ho(y +1/2)

Then, using eq. 6.2, we see that Vy € T, H{(y) = K(y) - Ho(y + 1/2).
To see that K(y+1/2) = —K(y) entails three similar cases. To demonstrate one, suppose
that y,y + 1/2 € B, then note that

SH(O 1D 1) | CH) _ HOED)
Holy +1/2) Hoy+172)  Ho®)

The case wherey € A, y+1/2 € Bory € B, y+ 1/2 € A follow along similar lines
(one less step).

K(y+1/2) =

Finally, to see that |K| = 1 (left out in class, because it’s simple and tedious). Note that
H\(y) = K(y) - Ho(y + 1/2) and K(y + 1/2) = =K(y) =
H\(y +1/2) = K(y + 1/2) - Ho(y) = —K(y)Ho(y)

By assumption, U is unitary, and note that

1
1 =(Us(y), Us(y)) = 3 <(H1()’), Hy(y +1/2)), (Hi(y), Hi(y + 1/2))> =

1 S — S
5 (K@) - Holy + 172, ~K)Ho(). (K - Holy + 1/2). =K Ho())) =

1
5+ (IHOP + Hoy + 1/2)F) - IKO)F = K

”«=". The row vectors of U(y) have norm 1, by the CMF hypothesis. Note that using
Hy(y) = K(y) - Ho(y + 1/2), then,

U= L. Ho(y) Ho(y+1/2)
V2 \K@)-Holy +1/2) K(y +1/2)- Ho(y)
Note that
(Ui, U) = ((Hoy), Hoy + 1/2)), (K() - Holy + 1/2), K(y + 1/2) - Ho()))
= K(y)- Ho(y) - Ho(y + 1/2) + K(y + 1/2) - Ho(y) - Ho(y +1/2)

= Ho(y) - Ho(y + 1/2) - (K(y) + K(y + 1/2))
0

=0
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Then, U is unitary, since its row vectors are orthonormal. m]

Remark: Suppose that Hy, H; € L(T) with Hy a CMF, H(y) = K(y) - Ho(y + 1/2)
and K(y) + K(y + 1/2) = 0. Embedded in the previous proof is the fact that

|H\(p)I* + [Hi(y + 1/2)1F = 2IK(y)|*.

Then, the fact that |[K(y)| = 1 is critical to the conclusion. For example, consider
K(y) = sin(2my).

Corollary 6.4. Let Hy be a CMF and F € L'(T). Then,

F(y)-Ho(y) = —F(y + 1/2) - Ho(y + 1/2) & F(y) = Kr(y) - Ho(y + 1/2)
for some I-periodic Kr satisfying Kr(y) + Kr(y +1/2) = 0.

Example 6.5. Given Hy, H; as in the theorem, assume that their Fourier coefficients
are related by

hi[n] = (=1)"ho[-n + 1]
Then, K(y) = —e ™. In fact,

Hi(y+1/2) = ) Inlkle™> 012

keZ

- Z ho[—k + 1]e” 27k

keZ
— e—ZRiVW

This equality holds a.e, by virtue of Lusin-Carleson.

Lemma 6.6. Let ¢ € L*(R). Assume that {t.¢} is an orthonormal system and

o) = % Ho(2)-¢(2)

for some Hy € LY(T). Then, Hy is a CMF (and hence Hy € L*(R)).

Proof. Recall that we proved last lecture (theorem 5.5) that

{Tup) is ON Z 16y + n)* = D(y) = 1 ae.
nez
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Note that

1 n n
orem =zl +5) o5 +3) =
2

1 Yy n y  om\f Y
1= = = H(—+—) 'A(—+—)'1tt A==
@) 2%02 2)l A2 T o)) AT
n 2 n 2
2= N Ho(a+ 2 -A(/l _)
2 0( * 2) A3
nez
n 2 n 2 n 2 n 2
= H /1+—)‘ . A(/l+—) + H(/l+—) . A(/l+—)
2 0( 2)| AT 2 [Ho 2)| AT
nez nez
neven nodd
= [Ho(DP ) 18 +m)P + |Ho(+ 1/2)P Y 16+ 1/2 + m)P
mezZ mezZ
———
D(y)=1 Oy+1/2)=1

O

Assume that {V;} is an MRA of R with scaling function ¢. Define W; to be the orthogo-
nal complement of V; in V.. Then, W; is a closed subspace of V,; and V| = V;@W;
(i.e. f € Vj,1 decomposes uniquely as f = fy + fiy with fy € V;, fiy € W; and fv L fw).

Remark: Note that f(r) € W; if and only if f(z/2) € W;_;. To see this, suppose that
f € W,. Then, f € V.1 2 W,,. Therefore, f(¢/2) € V,,, = V;_1 & W,,_1. On the other
hand, f(z/2)LV,,_; because

(Pmas f(2/2)) = 27 DP2 f w2t =) % ~f(§)dt (letting u = 1/2)
=m?2 f ©(2"u—n)- f(u) du=0
N———— S——
&V W

Lemma 6.7. Given the MRA {V;} with scaling function ¢, there is a canonically con-
structed CMF associated with this MRA.

Proof. Consider that ¢_;9 = (1/ \/§)¢(t/2) € V_1 € Vy. The set {t,¢} is an ONB for
Vi. Then, we know that

% .g;(é) =" holnl - ¢~ n) (6.3)
nez

where
{ho[nl} € €*(Z) and ho[n] = fR‘P—l,O(t) -t — n)dt.

Taking the Fourier Transform of eq. 6.3, we get

V2 $(2y) = Ho(y) - §(y), where Ho(y) = ) holn] - €™ € LA(T) € L\(T)
nez

35



Lecture Notes for Math 648

From the previous lemma, we can conclude that Hy is a CMF. This is apparently re-
ferred to as the solution of the frequency scaling equation, for the obvious reason. 0O

In the class, Professor Benedetto began the proof of the MRA theorem. I moved proof
to the next class for completeness.
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21 October 2008

Vo |[W [V

Theorem 7.1 (MRA Theorem). Let {V;} be an MRA of L*(R) with scaling function
S L*(R). There is a canonically constructible y € Wy for this MRA s.t. {Yy,} is
an ONB for L*(R). In fact, if Hy is the solution to the frequency scaling equation with
Fourier coefficients hy[n), then

() = V2 Iilnl - 92t —n) € L(R)

nez
hi[n] = (=1)"*' - ho[-n — 1]

Proof. We will break this proof into sections.
Part (a.) Recall that V; is the closure of the subspace of L?(R) spanned by the collec-
tion {t,¢(2¢)}. Then,

fev, = f:Z(f,«/E-tp(zt—n)).«/§-<p(2t—n) —

nez

f= Z<f’ V2 - (2t — n)) - % @(%) o 2in/2)y _ % (2)(%’) ‘ Ff(%)
nez

where

Fr (%) = Z<f . V2 - (21 — n)) - 72ROy

nez
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and Fy is 1-periodic. At this point, we want to establish conditions on ¢ to ensure that
Fyis in a ”good” space.
Aside: Note that

(f, 21/2-¢(2t—n)) — <f’ 12 g 2min]2)y “@(y/2)) = % . ff(,y) .¢(,y/2)_e—2m'(n/2)yd,y
If £, € L*(R), then f() - ¢(y/2) € L'(R) and
% f FO) - @ly/2) - ¢ dy € AR) € Co(R)

which is a step towards establishing the control we need, but more work needs to be
done (not covered in class).

Part (b.) Assuming that f € V;, recall that f € Wy < fL1V). Let’s show

feWw, Zf(y+k)-<,b(y+k)=Oa.e. (7.1)
kezZ

Let’s begin by noting
fLlVy & Vn, ff(t)-go(t—n)dt:O
— . [ o+ iy =0

— Vn, Z[fol f(y+k)-¢(7+k)-ez”i”ydy] -0

keZ

1
Vn, Fly + k) - 0y + k)| €™ dy = 0 7.2
= Vn J;[Zf(7+ ) - @y + )]e Y (7.2)

keZ

G

The function G is 1-periodic and

Gl r < fol (Z |f&r+h) - o0y + k>|)

keZ
- f Fo) -6y
R
<Nl - 1212

which is finite. Then, G € L'(T), soeq. 7.2 = G = 0 a.e. Then, by the uniqueness
theorem for Fourier series, we see 7.1 holds, as desired.

Part (c.) Now, let’s show that (assuming f € V)

feWy & F;-Hy+ (t12Fy) - (t_12Hp) =0 (7.3)
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Let’s begin by substituting $(y) = 272 - ¢(y/2) - Ho(y/2) into 7.1. We see that

0=> foy+b-goy+h

kezZ
LD
S PACENNC]

keZ keZ
k even k odd

- (Ff(ﬂ).m)[z P + k)|2] + (Ff(m ;) Ho(/l + ))[ZZ:

keZ
N——— —
D=1 D(A+1/2)=1

A E)z
42+2

|

(/1+k+ )

Then, we are done, by the previous two lemmas.

Part (d.) Assume that f/ € V;. Recall from part (a) that

jor- 4 702

Now, using eq. 7.3 and Corollary 6.4, we see that

rev = o= ) 5505

for a 1-periodic Ky with K¢(y) + K¢(y +1/2) =0

Note that for any 1-periodic function K, we can define L(y) = ¢™ - K(y/2), and L is
one-periodic iff K(y) + K(y +1/2) =0

Combining this with the above, we have f € W, if and only if

fon = % .¢(%) L. Lf(y),@

where Ly is 1-periodic.

Part (e.) Now, we're almost done, using the above, we can see what ¢ should be.
Define

N | L iy (y 1) B

=— @) Hyl = + =] e L*R). 7.4
w(y)\/zso(z)e o%+3)eP® (74)
Obviously, f (y) = z,@(y)Lf(y), and Ly can be expanded in a Fourier series (since it’s
1-periodic):

Lf(’y) — Z @f.,nezmny

nez
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It follows that if f € W, then

fo) = e ™)

nez

F=2 @)

nez
If we show that {t,i/} is ON, then it forms an ONB for Wj. To this, we calculate

1
f Yt —m) - Y(t — nydt = f P(y) - ™ dy
R 0
W) = > 1y + kP

nez

We will be done if we show that ¥(y) = 1 a.e. on [0, 1). Expand as

W(y) = ) iy + b

keZ
1 1\[>
=) |— -@(Z + —) - mOoh HO(Z + =+ —)
AR 2 2 2 2
1 k\|? ko 1yP
:—.Z@(Z+_) 'HO<Z+_+_)
2 e 2 2 2 2 2

Using our trick of expanding the even and odd cases, note that we get

)

Hy(y + 5)

1 1
V) = 5+ (900 IHP + @y + 3):
¢isan ONB, so @ =1 a.e.
L (it <2
2 oy oY 5
=1 since Hy is a CMF

So, we know that {t,/} forms an ONB for Wj,.

To refine the definition of  slightly, recall Example 6.5 and define H,

Hi) = Holy + 3) =
hiln] = (=1)"" - ho[=n —1],
V2-J(2y) = ¢(y) - Hi(y), and
y(@) = Y minl- V2- 92t =n)

nez

Now, we need to get from W, to all of L2(R).
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Part (f.) Recall that f € Wy <= f(2f) € W,. This extends in the obvious way as
a natural isometry D,,: Wy — W,,. Note that D,,(Y0,) = ¥mn, so the set {¢f,,,} is an
ONB for W,,. So, we’re making progress.

Part (g.) Definition. Let {U,,; m € Z} be a sequence of closed linear subspaces of a
Banach space B and let

X={f= Z fs  fm€ Uyt F(f)is a finite set (7.5)
meF(f)
X is the direct sum of {U,,}, written € U, if each element of X has a unique repre-

sentation in terms of 7.5.

Note that V,,, = V,,_1 @ Wy,,_1, and W; C V,,_; for j < m. Then W; L W, for all j # m.
This implies immediately that if M c N is a finite set, then

Span{Wm}mEM = @ Wm
meM
since if ), f,, = >, gm Where f,,, g, € W, and all but finitely many are zero, then

Vim, (2= ) = fu = &m € W

Jj#Em
= fow = gnll* = D (&) = fjs f = 8wy = 0
Jj#Em
= Jm = &m

Part (h.) Extending this, we see that VJ € Z

Jj=—00 j=—00

We will show that ‘W; = V.. By our construction, we have that W; C V,,, for

all j < J. Then @;:_w W; € Vj41. Since Vyy is closed (by an MRA assumption),
W;C V.

Pick f € V,.y. Then, Af; € V,,g, € W, unique, so that f = f; + g;. Because

2 _ 2 2 . . . . .
fr L gy, we know ||f||L2(R) =1 fs IILZ(R) +1lgs ”LZ(R)’ since this is basically equation (4)

in [14]’s Theorem 4.11. Continue this with unique f;_; € V;_1,g;-1 € W,_; so that
Sr=fi-1+gs-1. Then, f = fj 1 +g;+gy-1 and

2 2 2
L gy = Wt 1oy + 1120 2y + 1801 e
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We can continuing recursively. We get {f,}, {gn} s:t. fin € Vi, 8 € Wy, and Vm € Z
withm < J

J
f = fm + Z 8j
j=m
J
[ A [ N [P 1 (7.6)

j=m
Consider then the element
J
8=, %
j=—00

which can be written

J J
g
g= Z 8= Z ||gj||LZ(R)hj, hj —

Jj=—o Jj=—00 ” g/ ”LZ(R)

This series converges since {4;} is orthonormal (since {g;} is orthogonal, as each g; is
in a different W;) and eq 7.6 shows that }; ||gj||2 is bounded by ||f||?> and is thus finite.
Also, all of the g;’s are in V1, so any finite sum of them is in V., and this space is
closed (by MRA assumption), so g € V;;;. Now note that f — g can be written

J J
f—g=fm+zgj— Zgj
j=m

j:—oo

m—1

For every m < J, both terms on the R.H.S. are in V,,,, so f — g € V,,. We know that
(V; = {0} from the MRA assumption, so f = g. Then, we see that V;.; € W, and
thus W; =V,

Part (i.) It is straight-forward to conclude that

W =L’R) = é W; = LA(R)

j==oo

Part (j.) It remains only to show that {{,, n}mnez 1s an ONB for Lz(R). This follows
immediately from the fact that {¢,, ,}.ez is an ONB for W, and W,, L W, whenever
m # n. That completes the result. O

Finally, Professor Benedetto mentioned that [7] discussed the interplay between the
various MRA assumptions and cited several books and articles that included details on
how to place these functions in various function spaces [3, 8, 9, 10, 11].
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Haar MRA Discussion

Proposition 7.2 (Haar MRA). Let ¢ = 11y and let Vo = span{t,¢}. Define V; = {f €
LA(R) | 272 - f(2/1) € Vo). Then, {V,}, ¢ is an MRA.

Proof. By definition, the V; are closed linear subspaces of L?(R). That they union
to all of L>(R) and intersect only in the zero element follow from basic properties of
integration theory. O

In this case, in the notation of the MRA theorem,

1
ho[n] = @ . f‘ﬁ(f/z) (t — n)dt
R
1 2
= % . f ]1[0’1)(1 — I’l)dl
0
~ \LE ifn=0,1
o ow
Then, to determine v, we consider
1/V2  ifn=0
hilnl = (D" ho[-n+11=3-1/V2 ifn=1 = Y1) = Zhl[n]- \/§~tp(2t—n)
0 ow

Note: This is practically the same as the (—1)"*!'ig[—n — 1] form developed in the the-
orem since neither integer translates nor multiplying by —1 affects the basis properties
of the wavelet system.

We see fairly easily that (¢) = 1jo,1/2)(t) — 1j1/2,1y(?), which is what we’ve defined as
the Haar wavelet.

43



Lecture 8
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Separate beamer presentation provided by Emily King.

44



Lecture 9

04 November 2008

This begins with some references for frames, see [4] and [16].

Definition (MRA Frames). The collection {V} jez, ¢ is a frame MRA of L*(R) if

1. V;isaclosed linear subspace.

2. Vj c V_,‘.H.
3. NV, = {0}
4. JV;=L*R).

5. {t,¢} is a frame for span{t,¢} = V.

There is a similar theory to MRAs, but we are most interested in the case of Riesz
bases.

Proposition 9.1 (Haar MRA for L?(R), p € [0, 0)). Let ¢ = 1o, and set

Vo={ D an- g aa) € @)

Then, for each j € Z, ' _

Vi=1{g( =27 f2'n) | f € Vo)
Then, {V;} is a frame MRA of LF(R) with scaling function ¢. If p = 2, then {t,¢} is an
ONB for V. If p # 1,2, then {t,¢} is a bounded, unconditional (Riesz) basis for Vy. It

may not be the case when p = 1 (Prof. Benedetto unsure??), because no unconditional
basis exists for L'(R), see [13].

Proposition 9.2. Suppose that B is a Banach space which has a Schauder basis, then
B is separable.
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It is interesting that the converse of this proposition is not true, see [5] (this seems to
be an interesting aside).

Now, suppose that {V;}, ¢ is an MRA of L%(R). Then, we know (definition) that {taep}
is an ONB for Vj, Vy = V_;1 & W_y, and {t,¢} is an ONB for W_;. Then, we see that

(s 5

—_— ¢ —_—— n , — —— n

V2 2 V2 2

forms an ONB for Vj. So, we have constructed another ONB for V.

Recall that we have the tree decomposition

Vi / VO \W—]
7N

So that we have the decomposition

m—1
Vo=V, ( e W_m+,~).
i=0

Then, the sequence of functions

{‘P—m,na lﬁ—m,m lﬁ—m+1,n, ey lﬁ—l,n | ne Z}

also forms an ONB for Vj. So, we naturally have a large class of distinct ONBs for
Vo. This is a little strange, because our tree is one-sided. We will naturally extend this
construction to a full dyadic tree to produce Wavelet packets.

First, a relevant aside. Let us define an ordering on the integers compatible with the
dyadic structure of such a tree, called the bit-reversal ordering. We will do this in-
ductively on the level, for the integers {0, 1,...,2" — 1}, where r is the level. For level
1, we order {0, 1} as the tuple (0, 1). Not too interesting so far. For level 2, we order
{0, 1,2, 3} as the tuple (0, 2, 1, 3).
In general, if we’ve ordered {0, 1,...,2™ — 1} as the tuple

(b(), bl R bzux,l),

then we order {0, 1,...,2"*! — 1} as the tuple

(2b0,2b],...,2b2m_],2b0 + I,Zbl + 1,...,2b2m_1 + 1)
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To motivate the name of this order, suppose we write the binary expansion for n € N,
as

j—1
nzz;ejzf . €€1{0,1)
=

If we consider the map f: N — [0, 1) defined by

flmy = e27,
j=1
which has the binary expansion for n written backwards (hence, bit-reversal). If we or-
der N with the natural ordering of the image f(IN) inherited from the rational numbers,

then we get the above defined order. To see this in a picture, we construct a tree as
follows:

0

TN

0-2° 1-2°

— T

0-2040-2' 0-2041-2! 1-2040-2! 1-2041-2!

Now, returning to wavelet packets. From the MRA theorem, given {V}, ¢ we construct
lﬁ, H 0, H 1 S.t.

V2 ¢(2y) = ¢(y) - Ho(y) and /(2y) = ¢(y) - Hi(¥)
Now, consider that for V_;

@120 = (1/V2) - @(t/2—1n) = G-1,4(y) = e-2n(y) - (V23(2y)) and
V2 $(2y) = ¢(y) - Ho()

Similarly, for W_,

Yor () = (1/V2) - 9(t/2 =) = §1,4() = e-2a(y) - (V2(2y)) and
V2 §(2y) = ¢(y) - Hi(y)

Continuing to the next level, for V_,

@2a(t) = (1/ V22 @(t/22 = 1) = $_24(y) = e_an(¥) - (V2)*P(4y) and
(V2)% - ¢(4y) = @(y) - Ho(y) - Ho(2y)
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and W_,

Woan(t) = (V2P - (@/22 =) = Pan(y) = e_4u(y) - (V2)*(4y) and
(V2)% - §i(4y) = ¢(y) - Ho(y) - Hi(2y)

Now, define
Vo=X0 Vo = X0, Woy = X, Voo = XG0 Wea = X
and 61,0y, 6(1,1) by the formulas
(V22 - 60.0)() = ¢() - Hi(y) - Ho2y), (N2)* - 611y = ¢(¥) - Hi(y) - Hi(2y)
Now, define

X{) = Span{(1/ V2)? - 6.0)(t/2* = n) | n € Z)
X, = span{(1/ V2)? - 6.1)(t/2* = n) | n € Z)

Then, we have the tree

XO

7N

Xi

1
/ | \
X3 X2 X3 X2

(0,0) (0,1) (1,0) (1,1)

where each node is the direct sum of the two nodes below it. Of course, this can be
continued inductively.

Proposition 9.3. Assume that {V;}, ¢ is an MRA. Let m € {0, ...,2" — 1} and

r

m=Y €27, &e(0,1},
j=1

Let X, be defined by

X;, = span{(1/ V2) 0iq,....e)(1/2" = n) | n € Z}.

m — PPUR A V) Ve,
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Then, ifk <r
xﬁ:@x{, I=1{i10<i<?2, i=n@b)
i€l

In particular, we have

2'—1
Vo = @ X!
i=1
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11 November 2008

The lecture begins with a rehash of the last lecture, which I am omitting for brevity.

Definition. Let Hy, H, € L*(T) with Fourier coefficients {ko[n]} and {h[n]} respec-
tively. A sequence {w;}ien C L*(R) of functions is a sequence of wavelet packets
corresponding to Hy, H1, if

wai(t) = D holn] - V2 wi(2t = n) (in LA(R)

nez

waiet(®) = > il - V2 wi2t = ) (in LA(R)

nez

Consider the Haar MRA. So, ¢ = 10,1y and Hy, H; s.t.

hoi] {1/\/5 ifn=0,1

0 oW
-1/v2 ifn=0,1
min = {1/ V2
0 (0)%
Therefore, we see that
1 . )
Ho(y) = —= - (1 + &™) = V2. ™™ . cos(ny)
V2
1 ; .
Hi(y)= —-(1-¢™) = V2.e7 -sin(y)
V2

Recall then that we compute ¢ = 11,2 — 1j1/2.1)- Now, let j = 0, then

wo(t) = wo(28) + wo(2t — 1)
wi(f) = wo(2t) —wo(2t = 1) (10.1)
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Note that if wy = ¢ and w; = ¢, then eq. 10.1 is fulfilled. There is a pictorial repre-
sentation here I am neglecting.

Let’s consider what other potential solutions to eq. 10.1 would entail. Note that by
taking the Fourier transform of both sides (assuming that we can), we obtain:

Wo(y) = 5 - (1+e™) 4ig(y/2)

- Ho(y/2) - voo(7/2)

Sl=&l=""

“Ho(y/2) - —= - Ho(v/2%) - vio(y/2?)

&l -

— 1=

&l -

=o(y/2") -

(

= v&o()’/Z") . (e"”'(’/w - coS (7T7/2j))
i=1

Holr/2/))

j=1

~

s

~

Assuming that wy € L!'(R) and wy(0) = 1, then
wo(y) = exp( — iy - Z 2‘j) . l_[ cos (ny/Zj) =e . M

- s y
j=1 j=1

Then, we get wy = ¢ and wy = .

Definition. Define the sequence of functions {R,},cn defined by

R,(f) = sgn ( sin (Z”m))
are called the Rademacher functions.
Proposition 10.1. The sequence {R,},en is orthonormal.

Proposition 10.2. The sequence {R,},cy does not form an orthonormal basis for L*(T).
In fact, note that

f cos2nt) - Ru(t)dt, VneN.

Definition. The sequence of functions {w;} defined by

n= ie‘j 27w = HRj(t)
&=

J=1

are called the Walsh functions.
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Theorem 10.3 (Walsh-1923). The sequence {w,},en forms an ONB for L*(T).

Proof. The orthonormality follows from the orthonormality of the Rademacher func-
tions. It suffices to prove that
span{w,} = L*(T)

Pick f € L*(T), and suppose that
1
f f@) wy(t)dt =0, Vn e N
0
We know that L'(T) c L?(T). Then, the function
!
8N = f f(s)ds
0
is well-defined. It is continuous, by elementary properties of integration. Note that
1 1/2 1
0= f fOwi(r)dt = f f@drt - f f@dr=2-g(1/2)
0 0 1/2

This process can be continued iteratively accross the w; to conclude that g(r) = 0
whenever ¢ is a dyadic rational number. We know that g is continuous and the dyadic
rationals are a dense subset of [0, 1), so g must be identically 0. Then, f is identically
0, and we’re done. m]
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11.1 Compressed Sensing Introduction

Definition. Compressed sensing is a sensing or sampling theory attempting to recover
certain signals from far fewer samples or measurements than traditionally used. There
are two fundamental concepts underlying compressed sensing:

1. Sparsity

2. Incoherence

11.1.1 Setup

We shall consider discrete time signals
f:zZ,-R

You can think of such a signal as a vector f € R”. We are interested in sensing mecha-
nisms in which information about f is obtained through linear functionals

yi = {fro), k=1,...,m, where n>> m

where m is the number of samples, and we have undersampled.

Example 11.1 (Spikes or Delta Functions). Consider ¢ (f) = 6(t — k), so
n—1
ye=fl) =Y f0)- 8-k
1=0

Example 11.2 (Sinusoids). Consider ¢i(¢) = (1/ ) - e 27*/" and

n—1

. Z f(t) . e—2m’k1/n

t=0

yi = flk) =

sl -
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11.1.2 Shannon Sampling Theory
Suppose that f € R” and suppose that

supp(f) Clwy,...,we} C€Z,, where w; < wy < -+ < wy

Shannon Sampling tells us that in order to generate a perfect reconstruction of f, then
we need m = w¢; — w; equally spaced samples in the time domain.

Note that if w, — w is large, then we need to take a large number of measurements to
reconstruct f, even if | supp(f)| is small.

11.1.3 Sparsity

Let f e R", and ¥ = [y1,...,¥,] be an ONB for R". We can represent f in terms of ¥
as follows:
n—1

f0 =) xun®), teR"

k=0
=¥ x

Definition. We say that f is S-sparse in P, if all but S of the x; are 0. Similarly, f is
S-compressible on W if the x; are concentrated on a set of size S'.

Given x = {x;}, let xg denote the vector defined by setting all but the largest S coeffi-
cients of x to 0. Then,

xis S-sparse & |[x— x5 =0
x is S-compressible & |[x— x5, <&

Then, if f = ¥ - x, then fg = ¥ - x5 is a good approximation to f. The drawback
of this approach is that it requires sorting and processing all n coefficients of f before
reducing to fs.

11.1.4 Incoherent Sampling

Let (@, ¥) be a pair of ONB for R”. We can use ® to sense the signal, and ¥ will be
used to represent the signal f.

Definition. The coherence between ® and W is defined as
(@) = Vi max [ u))
1<j,k<n

which measures the largest correlation between pairs of elements of ® and ¥.

Clearly, a large value of coherence means that @ and ‘¥ contain correlated vectors,
and a small value of coherence means that they do not. The values for coherence are
actually bounded.

Proposition 11.3. 1 < u(®,¥) < vn

The upper bound is clear, given the assumption of orthonormality. The lower bound is
obtained as a limit letting ® be a spike basis, and ¥ be a sinusoidal basis.
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11.1.5 Undersampling and Sparse Signal Recovery

[Undersampling]
Let M C Z;, with |M| = m, where M is the index set of our sampling coefficients:

i = {f, 1), k€ M, ¢ € ® = ONB for R"

Our goal is to reconstruct f from our samples yy.

Compressed Sensing proposes the reconstructed signal f* = ¥ - x* as its best guess for
f» where x* is the solution to the following convex optimization problem:

n—1

xt=min| %, s.t.ye = (Ye, o) and [| X1y = ;Iikl (1L.1)

So, x* is the coefficient sequence with minimal ¢ I norm, consistent with our sampled
data y.

Proposition 11.4. Fix f € R" and suppose that the coefficient sequence x of f in the
ONB VY is S-sparse. Select m measurements in the ® domain uniformly at random.
Then, if
2
m2 C-(u(®,¥) -S -log(n)
for some constant C, the solution to eq. 11.1 is exact (i.e. f* =Y -x* = f) with (high)
probability related to the value of C.

There are several important things to note about this result:

1. The role of u, the coherence between ® and ¥. The more incoherent (the less
related) that @ and P, the fewer measurements are necessary.

2. We are sampling non-adaptively (randomly, not intelligently).

3. One suffers no information loss by measuring just about any set of m coeffi-
cients, which may be far less than the signal size demands according to Shannon
sampling theory. If all we know is that supp(f) C Z,, then Shannon sampling
theory asserts we need m = n samples, but the CS result indicates we need only
m>C -S§ -log(n) samples.

4. The decoder eq. 11.1 assumes no knowledge of x.

5. The role of probability: there exist certain outstanding signals that vanish a.e. in
the ® domain.
For example, let n = N? and set

1 ift=k-N, k=0,1,...,N-1

® i ids. P = spikes, (1) =
sinusoids spikes, f(?) {O OW

It can be shown that f = f — N2 — N, and the fourier coefficients of f are 0
most of the time. Random samples will be mostly 0, contrary to the result.
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11.2 Restricted Isometry Problem
11.2.1 Setup

We want to recover a signal f € R’ from corrupted measurements y = A - f + e, where
A is an n X € coding matrix (full rank, n > ¢), and e is an unknown vector of errors.

Suppose that
llello = Ik | ex # 0} = S

For what values of S can we recover f from the measurement y? Notice that to recon-
struct f, it suffices to determine e, since y — e = A - f and A has full rank.

We want to construct an m X n matrix @ s.t. ® - A = 0 (take @ s.t. ker(®) = range(A)),
then apply @ to our measurements y:

J=0-y=0-(A-f+e)=D-e

In order to find f, we want to reconstruct an S-sparse vector e from measurements
3 = @ - e. Note that ji; = (e, @), where gy is the k™ row of ®.

If e is sparse enough, then it should be the solution to

5nﬂi{n||d||o subjectto @ -d =F(=D-e) (11.2)
=

Note it is impossible to solve eq. 11.2 for even modestly sized signals. As an alterna-
tive, consider
min||d|j; st. ®-d =3 (11.3)
deR"

11.2.2 Restricted Isometries

Let (v;)jes € R™ denote the columns of ®. For any subset T C J, define @7 to be the
submatrix with column choices j € T s.t.

(I)T'CZZCJ"VJ'

JjeT

Definition. Let ® be the matrix with the finite collection of vectors (v;)je; € R™ as
columns. For every integer 1 < § < |J|, we define the S-restricted isometry constant
ds to be the smallest quantity s.t. ®7 obeys

(I=065) - [[Cla < [|®r - Cll2 < (1 +65) - [|Cll2
for all subsets T C J of cardinality at most S.

Any matrix O satisfying the above definition for some S and 1 < dg < 1 is said to
satisfy the restricted isometry property (RIP) of order S .
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Lemma 11.5. Suppose that S > 1s.t. 55 < landletT Cc Jwith|T| < S. If f = ®7-C
for some arbitrary |T|-dimensional vector C, then the set T and the coefficients (c;) jer
can be reconstructed uniquely from knowledge of the vector f and v;’s alone (i.e. eq.
11.2 has a unique solution).

Proof. It suffices to prove that C is unique. Suppose that
f=0r-C=0p -C’
By assumption, |T'|,|T’| < S. Consider the vector d = (d;) defined by

— V— /
dj=c c;

By assumption, @7y - d = 0 and O satisfies the RIP of order 25 . Then,
(I —deltass) - l|d|l2 < | Prur - dll2 < (1 + d25) - || d |2

The middle term is 0, and (1 — da5), (1 + d25) > 0, so we see that d must be the zero
vector. In other words, C = C’, as required. m]

Proposition 11.6. Suppose that S > 1 s.t. 55 + 825 + 635 < 1 and let C be a real vector
supported on a set T C J s.t. |T| < S. Set f = Phi - C, then C is the unique minimizer
to eq: 11.3 where

(I=065) - [[Cla < [[®r - Cll2 < (1 +65) - [|Cll2

Returning to our original problem of reconstructing f fromy = A - f + e, the above
proposition states that if e is S-sparse, and ® has d5 + d»5 + 035 < 1, then one can
recover e, and hence f, through solving eq. 11.3.

11.2.3 Good RIP matrices

The following two types of m X n matrices satisfy the RIP of order S with high proba-
bility provided that m > C - S - log(n/S):

1. Matrices with i.i.d. entries following a Gaussian distribution with mean 0 and
variance 1/m.

2. Matrices with i.i.d. entries following a Bernoulli distribution with mean O and
variance 1/m.

This lower bound is near optimal.
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Proposition 12.1 (Gauss). Let G be a finite, abelian group. Then, G is isomorphic to

n

k; .
HZN"’ where N; = p;', p; prime
i=1

Proof of this may be found in most algebra books under the classification of finitely
generated modules over Z (or a PID).

Example 12.2. Let N be an integer. Then, consider Zy = Z/nZ. If N is prime, then
Zy is a finite field. Otherwise, Zy is a commutative ring with unity, which has (the
obvious) zero-divisors.

Definition. Let G be a finite group. The characters of G are the homomorphisms
e:G—-C

Note that it is implied that |e(g)| = 1. These characters form a group themselves under
the operation of multiplication. Denote the group of characters of G as G.

Proposition 12.3. For G a finite abelian group, the group G is isomorphic to G.

Definition. The Discrete Fourier Transform % of x: G — C (not necessarily a charac-
ter) is defined as

Vee G, i(e)= ) x(g)-e(g)

geG

Define an inner product on £2(G) by

%y € £(G), (xy) = ) x()-¥(@)

geG
Example 12.4. Take G = Zy, x: Zy — C, then
N-1
X_[n] — Z x[m] . g—2mmn/N
m=0
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Proposition 12.5. Let G be a finite abelian group.

1. Vey,ep € G, then
_JIGI=1G| ifer =e
(er,e2) =

0 otherwise

2. Vgi1,8 € G, then

D elgn - e(g) =

ecG

{|G| =Gl ifg1 =g

0 otherwise
Theorem 12.6 (Inversion & Plancherel). Let G be a finite abelian group.

1. Vx € £*(G), Vg € G,
1
X = o D) e(2)

ecG

2. Vx e £3G),

ol 2 (Do) = —= - Yrscer)

geG Gl g

Proof. Part (1.) Consider

D) elgo) = D\ D x(e) - elg) - e(g0)

ecG ecG 8€G

= D x(@)- ) elgo) - e®)

8€G ecG
= |Gl - x(8o)

Part (2.) Consider

1 R 12
el = ~(gEZG|x<e)-e(g>| )
RO WRCRORCE @)
8€G ¢eC e'eC
1/2
= = IR CECIWORZE) :
|G| eeG e'eC geG
_ é (St |fc<e>|2)”2
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Proposition 12.7 (Poisson Summation Formula). Let x € £*(G), H < G (subgroup),
and consider (G/HY:

Z x(h) = Z #(e)

heH ee(G/HY

Example 12.8 (More General). Let G be a locally compact abelian group. The group

G of (continuous) characters of G is still well-defined. In this context, the group G is
naturally isomorphic to G.

Example 12.9 (Dyadic Example). Let

and consider ¢t: W,, - 0, =1{0,1,...,2" — 1} defined by

This is the bijection defined by the dyadic expansion. By definition, ¢ carries the group
operation from W, to the set Q,, but this is nor addition mod (2").

Example 12.10 (Cantor Group). Endow the group Z, with the discrete topology, and
define the topological group

8

With the product group operation (component-wise) and topological structure (product
topology). Then, D is a totally disconnected, compact, abelian group called the Cantor
Group. Note that D as a locally compact group, is endowed with a unique, invariant,
Haar measure.

Proposition 12.11 (Fine 1949). D is equivalent to the set of Walsh functions on T.
Proposition 12.12. The map ®: D — [0, 1) defined by
(sj)‘;":1 - Z gj- 277
=1
maps the Haar measure on D to Lebesgue measure on [0, 1).

Proposition 12.13. For each n € N, there is a unique y, € D that is nontrivial only on
the n' factor. Actually, y,(x) = e ™) where ,, is the canonical projection onto the
n' factor. Then, D = W is the set of finite products of the y,.

Theorem 12.14. In general, let G be a compact abelian group, endowed with Haar
measure. Then, G is an ONB for L*(G).
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Proposition 12.15 (Kolomogorov 1922). Let F € L*(T), then

N
lim S (F)(x) = F(x) a.e., where S y(F)(x) = Z F(n) - e2minx
n=—N

I missed the relevance of this result at this particular place in the lecture. I believe he
intended to connect the dots, but didn’t have time and just continued.

Now, we return to the issue of generalizing to multiple dimensions.

Proposition 12.16. Let K C RY be Lebesgue measurable, so that K is T-congruent to
[-1/2,1/2)¢ and the set
2" - K|meZ}

is a tiling of RY. Let y = 1. Then, (Y., | m € Z,n € Z% is an orthonormal basis for
L*(RY).

Proposition 12.17. Assume that Ky is T-congruent to [-1/2,1/21%, and
T: Ko — [-2N,2N]4\ [-N, N}
be a measurable, injective function with the property that
Vy € Ko, Ik, € 2% 5.t. T(y) =y + k,
Then, T is measure preserving.

Given K and T as above, consider the following construction:
First, define

Ao=Ko 0 ({27 Ko, Ki = (Ko \ 40) UT(40)

izl
Then, Ky \ Ay € Ko and T(Ao) C [-2N, 2N1¢ \ [-N, N1%.

Now, define

Ar=kin([J27 K1) K2 = (Ko \ A0 \ A1) U (T(Ag) UT(AD).
21

Then, (Ko \ Ag) \ A1) C Ko and T(Ap) U T(A;) C [-2N,2N]% \ [-N, N1%.

Generally, define

A, =K, N ( U 2—1'1(,1)

j=1

Kuv = (Ko \ Ao\ Ay \---\An>u(OT<Ak>)
k=0

K:(ﬂ(Ko\Ao\“'\A"))U(UT(A”))

neN neN
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This is the construction of a K which fulfills the requirements of proposition 12.16.
Computationally, this construction may not be overly helpful, but it need not be carried
to completion to be helpful.

Proposition 12.18. A defined in the construction, for n > 0, K, \ A, defines a parseval
wavelet set, and K,, defines a frame wavelet set with frame bounds between 1 and 2.
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Let  be an orthonormal wavelet for LZ(R). Now, Vj, k,m,n € Z, (x1,x;) € R2, define

wj,k ® wm,n(xla )Cg) = wi,j(-xl) : wm,n(-XZ)

Theorem 13.1. The set {jx ® Y, | i, j,m,n € Z} is an orthonormal basis for L*(R?).
The terminology is that Y ®  is a rectilinear orthonormal wavelet.

Remark: The set above consists of all possible dilates and translates of ¥ in each di-

mension. This is a gigantic set.

Let’s now consider MRAs. Let {V;} be an MRA for L*(R) with scaling function .
Define ¢ ® ¢(x1, x2) = ¢(x1) - ¢(x7) and

Vg ={f: R> > C | f(x1,x) = Z Cny.ny " P®P(X1 —h1, X2 —ny) Where {cy, n,} € ZZ(ZZ)

ny,ny€Z
Proposition 13.2.
Vo =span{f®g: f.g € Vo} = Vo&Vo
———
projective tensor product

Similarly, define
V2 = g, ) = £ 21,2 xy) | f € V)

Proposition 13.3. {Vj?} jez is an MRA for L2 (R?) with scaling function ¢ ® ¢ and or-
thonormal wavelets ¢ ® Y,y @ ¢, Y Q.
Proof.
V12+1 = Vj+1®vj'+1 = (Vj (&) Wj)®(Vj (&) Wj)
= Vj®(Vj [$) Wj) @ Wj®(Vj @ Wj)
=V@Vie VoW, WeV;e W,eW;
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Definition. Let W = {y,..., ¥} C LZ(R"). Then, W is a set of dyadic wavelets (for
L2(R%)) if the set
{WOmn |MeZ, neZ!, £=1,... L}

is an orthonormal basis for L*(R?), where
WOma(x) = 2" 2" - x = )
The set W is associated with an MRA {V;} with scaling function ¢ € Lz(R") if the set
(v |lnezd, ¢=1,...,L)
is an ONB for W, where V; = Vo & W, € L*(R%).

Proposition 13.4 (P. Auscher). If W is a set of dyadic wavelets s.t. each i, has weak
smoothness and decay (e.g. [@¢| is continuous and is 0(|y|’(d/ Ztvarepsilon)y) - thep W is
associated with an MRA.

Proposition 13.5 (Auscher, Gripenberg, Wang). If W is a set of wavelets associated
with an MRA in L*(RY), then |W| = 24 — 1.

Proposition 13.6. The set (Y, | m€Z, n € 74y ¢ LA(RY) is orthonormal if and only

if
Z Wy +n) =1 a.e., and
nezd
Vmz 1, Y @y +m) iy +m) =0 ace.
nezd

Proposition 13.7. The set {;: |y |l 2gey = 1, € =1,..., L} is adyadic set of wavelets
for L>(RY) if and only if

L
Z Z Wpe2™ -y = 1 ae., and

(=1 meZ
L

Ve Z\ 2, 3 @ ) - §@(y +m) = 0 ae.
=1 m=0

64



Lecture 14

09 December 2008

Definition. Suppose that we have an invertible linear transformation
L: R - R

Then, we L(Z%), a free Z module of rank d embedded in RY. We define a lattice A as
the image Z¢ under such an invertible linear transformation. The linear transformation
will not be unique, but there will always be one which determines A as it’s image. Note
that it is the embedding in R¢ that makes the lattice an object of interest. All lattices
contained in R? are isomorphic as Z modules (free, of rank d), it is the embedding
which sets them apart.

Definition. Let A C R? be a lattice, and let A be a d X d matrix with the following
properties:

1. A(A) C A (A leaves A invariant)
2. If A is an eigenvalue of A, then || > 1.

Then, A is called a dilation matrix. This is a generalization from the 1-dimensional
dyadic case.

Example 14.1. Let A = Z? c R? and A = m - I, for any integer m > 1, where I, is the
d % d identity matrix.

Lemma 14.2. Let A be a dilation matrix for some lattice A C RY. Then, det(A) € Z,
and | det(A)| > 1.

Proof. Let {4;,...,44} C C be the eigenvalues of A, with repetition as necessary. By
assumption, Vi € {1,...,d}, |4;| > 1. Then,

| det(A)] = (ﬁ ) > 1
i=1
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It suffices to prove that the determinant is an integer. We know that A, so there exists
an invertible linear transformation L: R — R? s.t. A = L(Z%). Also, A is a dilation
matrix, so

AL(ZY) ¢ L(ZY).

We know L is invertible, so we see
L'oAo Lz cZ?¢

Then, the linear transformation L' 0 A o L must have only integer entries, and det(L ™! o
A o L) is a polynomial function of these integer entries. Then,

det(L'oAoL)eZand det(L™' 0 Ao L) = det(A)
Then, we see that det(A) € Z. |
Proposition 14.3. Here a few relevant change of variables formulae:

1. Let f € L}UC(R" ), g € L°(RY) with compact support, and A be a linear automor-
phism of RY. Then, det(A) # 0 and

& . __1 (A
(foA)g) = fR , fAX) - g(x)dx = et fR , f(x)-g(A™ (%) dx

2. Let A be a linear automorphism of R, with adjoint A*. Then, A* is an automor-
phism of R%, (A*)™! = (A™")?st, and det(A*) = det(A).

3. Let A be a linear automorphism of R If f € L'(RY), then

o ’\: . AO _1*
(foAr= gomm fou™

Proposition 14.4. Let A be a linear automorphism of RY. then, A induces a unitary
operator
Uy : L2RY - L2RY) given by f > |det(A)]/*- fo A

Definition. This extends the definition of an MRA given for 1-dimension. An MRA
associated with a dilation matrix and lattice (A, A) is a scaling function ¢ € L*(R?) and
’scaffolding” {V} jcz such that the following hold:

1. VjEZ, VJ'QV]‘H.
2. feVy = 1mifeVy, YieA.
3. feV; & foA®) € Vi, YjeZ(ie V;=UVp)

4, o
v =12®9

JEZ
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vi=1

JEZ
6. {t1¢}iea 1s an ONB for V.
At this point, Professor Benedetto provided some motivation for why we need that all
eigenvalues of A have norm larger than 1. My notes are particularly weak here, so |

am omitting it rather than embarrass myself. I will just move directly to the wavelet
system associated with an MRA, as above.

Proposition 14.5 (Y. Meyer, MRA Theorem). Given an MRA ¢,{V;} of L*(RY) associ-
ated with a dilation matrix and lattice (A, N), let g = |det(A)|. Then, there exists g — 1
constructible functions Yy, . .. ,\41 s.t. the wavelet system

Wemal €=1,...,q— 1, meZ, A€ A} where Y a(x) = |det(A)]'/? - Ye(A™ - x = 2)
forms an ONB for L*(R?).

Comments: To provide a general idea of the direction of the construction, suppose
that we have a dilation matrix and lattice, (A, A). Let ¢ = det(A) and suppose that
{ac}e=1...4-1 1s a sequence of functions defined on A s.t. the following hold:

1.

D a0 Ay + D) =g 5(jK) - 6(7,0)
AeA

Dlad=¢q

AeA

Then, define
W) = Y ard) - A ), £=1,....q4~ 1.

AeA

Conditions 1 and 2 on {a,(1)} provide the orthonormality of the set of functions {¢,}. To
prove that {¥,} U {yy = ¢} forms an ONB for V; requires significant work. We proceed
in much the same way as for the dyadic MRA of L*(R). We consider the functions

Z ap(1) - e 7Yy e T ERY/A,
AeA

which turn out to be QMFs.

The remainder of this lecture provides motivation or fills in holes for the above.

Lemma 14.6 (Tiling Lemma). Let Q be Lebesgue measurable, and assume that

U(Q+/l) =R%.

Aez4

Then, the following are equivalent:
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1. YAeZ4\ {0}, |0N(Q+ )| = 0.
2. 10 = 1.

Proof. Define the Z¢ periodic function

f) = Tox - 2.

Aezd

Note that

0= [ 1otax= Y,

Aezd

Lodx= )" fl’”d Lo(x — A)dx = - f(x)dx

d_
[0,114-2 Aezé

By the covering hypothesis, we see that f(x) > 1 a.e. The two conditions above are
clearly seen to both be equivalent to f =1 a.e. O

Proposition 14.7. If A is a dilation matrix with lattice A, then |[AJA(A)| = det(A).
This is proved using the tiling lemma.

Theorem 14.8. Suppose that we have an MRA ¢,{V} for L*(R) associated with dila-
tion matrix and lattice (A, \), and f € L*(RY). Here, we denote R4/ A as T¢. Then,

1 A
ey S €V = FHy e LA(T) s.t. | det(A)]'? - f(A*(y)) = Hy() - ¢() ae.

In this case, we have || Hy ||;2¢pay = || f llp2gay-
Proof. We know that

1

. . _1
Tdet A2 f(AT(x) e Vy

1
cV, & ——
fen | det(A)|'/2

Then, we know that

1

- - foA™l,
|det(A)|1/2 fO 1/1‘10>

FATN ) = Dyl Tag(x) where hy[A] = (

AeA

| det(A)|'/?
Taking the Fourier transform, we get

Idet(A)|1/2 f(A¥(')/)) = ¢(y) - Z I’lf[/l] Lo 2mdy
AeA

In the original MRA calculations, we continually split the summation into the even and
odd pieces, based on the behavior of the complex exponential. In the above, we can
analogously split the summation into the cosets of A/A(A) (¢ pieces). It is much the
same, and we are done. O

Now, the last piece in our outlined proof of the MRA theorem.
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Proposition 14.9. Suppose that we have an MRA ¢,{V;} for L*(R) associated with
dilation matrix and lattice (A, \). Let o, ..., 41 € V1. Then,

1. The set {t ¢ | A € A} is ON if and only if
g-1
DIGP = qae.
=0

2. The set{tyr | A e A, €=0,...,q— 1} is orthonormal if and only if the vectors

Vi) = (GY).....6¢ () e
are orthonormal a.e.

3. The set{tye | Ae N, £=0,...,q— 1} is an ONB for V| if and only if the g X q
matrix U(y) = (G}(y)) is unitary a.e.

I have no clue what G is, it snuck by me in the lecture.

69



References

[1] JJ. Benedetto. Harmonic Analysis and Applications. CRC Press, 1996.

[2] J.J. Benedetto and G. Zimmerman. Sampling multipliers and the poisson sum-
mation formula. Journal of Fourier Analysis and Applications, 3, 1997.

[3] L. Daubechies. Ten Lectures on Wavelets. SIAM, 1992.

[4] I. Daubechies, A. Grossman, and Y. Meyer. Painless nonorthogonal expansions.
Journal of Mathematical Physics, 27(5):1271-1283, 1986.

[5] P. Enflo. A counterexample to the approximation problem in banach spaces. Acta
Math, (130):309-317, 1973.

[6] C. Heil. A Basis Theory Primer. 1997.

[71 W.R. Madyck. Some elementary properties of multiresolution analyses of L*(R").
In C. Chui, editor, Wavelets: A Tutorial in Theory and Applications, pages 259—
294. Academic Press, 1992.

[8] S. Mallat. Multiresolution approximation and wavelet orthonormal bases of L2.
Transaction of the American Mathematical Society, 315:69-87, 1989.

[9] S. Mallat. A Wavelet Tour of Signal Processing. Academic Press, 1999.
[10] Y. Meyer. Wavelets and Operators. Cambridge University Press, 1995.

[11] Yves Meyer. Ondelettes, fonctions splines et analyses graduées. Rend. Sem. Mat.
Univ. Politec. Torino, 45(1):1-42 (1988), 1987.

[12] J. Morlet, A. Grossman, and T. Paul. Transforms associated to square integrable
group representations. Journal of Mathematical Physics, 26, 1985.

[13] A. Pefczynski. On the impossibility of imbedding the space L in certain banach
spaces. Collog. Math, (8):199-203, 1961.

[14] W. Rudin. Real & Complex Analysis. McGraw-Hill Series in Higher Mathemat-
ics, third edition, 1987.

[15] P.P. Vaidyanathan. Multirate systems and filter banks. Prentice Hall, 1993.

[16] R.M. Young. An Introduction to Nonharmonic Fourier Series. Academic Press,
1980.

70


http://www.math.gatech.edu/~heil/papers/bases.pdf
http://www.cmap.polytechnique.fr/~mallat/papiers/math_multiresolution.pdf

	02 September 2008
	Fourier Transform Basics
	Analytic Properties of the F.T.
	Fourier Series
	Periodization of an L1(R) Function

	09 September 2008
	Poisson Summation Formula
	Classical Sampling Theorem
	Shannon Dyadic Wavelet
	Discrete Fourier Transform
	Calderón Formula

	16 September 2008
	Multi-Resolution Analysis
	Heisenberg Uncertainty Principle
	Gabor's Uncertainty Idea
	Balian-Low Theorem
	Morlet Wavelet
	Gabor Decomposition
	Shannon Wavelet Decomposition

	23 September 2008
	Orthonormality Lemma
	The Haar System
	Haar Basis for L2(R)

	07 October 2008
	Haar Basis for L2(R) cont.
	Haar System Properties
	Conjugate Mirror Filter

	14 October 2008
	Unitary Matrix/CMF Relation
	Frequency Scaling Equation

	21 October 2008
	MRA Theorem
	Haar MRA Discussion

	28 October 2008
	04 November 2008
	11 November 2008
	Rademacher Functions
	Walsh Functions

	18 November 2008
	Compressed Sensing Introduction
	Setup
	Shannon Sampling Theory
	Sparsity
	Incoherent Sampling
	Undersampling and Sparse Signal Recovery

	Restricted Isometry Problem
	Setup
	Restricted Isometries
	Good RIP matrices


	25 November 2008
	01 December 2008
	09 December 2008
	References

