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Comments:

These notes are intended to merely augment and not completely reproduce the recorded
lectures. I think it’s can be a little tough to see what he’s writing, so I think this will
be helpful. Professor Benedetto gives significant informative exposition during his lec-
tures (which I appreciate). I have to apologize, but I have largely left this out. This is
not out of disrespect, but it’s hard to do it much justice without pictures (which I’m not
drawing here), and my notes on this are poor (I’m just listening). I think this is much
better understood through the videos, anyways.

A note on errors: I’d like these to be professional quality, but I’m producing these notes
for my own purposes. I have handwriting like a three year old, but I like to keep my lec-
ture notes. I have absolutely no doubt that this document is riddled with typesetting er-
rors. I welcome your help in finding them. Please email thomas.mccullough@gmail.com,
and I’ll happily fix them. This will help me, and hopefully you too.

I have tried to stick with his notation. I apologize for the places that I’ve failed, this is
not out of disrespect, just simply my bad habits. I have taken liberty on occasion. In
particular, theorems quoted for the result with no proof given I have called propositions,
and I have pulled some things I call lemmas out of the proofs to streamline. Any other
places that I have taken liberty I explicitly mention. I have cited several things in ”Real
and Complex Analysis” by Walter Rudin [14], which is the only real analysis book that
I have. These things can no doubt be found in any decent analysis book, so consult
what you’ve got.
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Lecture 1

02 September 2008

Let me preface this entire chapter with a reference to [14, Chapter 9]

Fourier Transform Definition and Basic Examples
Definition. Let f ∈ L1(R). The Fourier transform of f , denoted by f̂ is defined as

f̂ (γ) def
=

∫
R

f (x) · e−2πixγdx.

Note that f ∈ L1(R) does not imply that f̂ ∈ L1(R̂) (you’ll see an example shortly). In
this case, the inverse is tricky to define.

Definition. Define a dilation of f by λ as fλ(t) def
= λ · f (λt), and consider the effect of

this dilation on the Fourier transform. By simple substitution, it is easily demonstrated
that

f̂λ(γ) = f̂ (γ/λ)

Example 1.1. Let f (t) = 1[−T,T ](t). Then,

f̂ (γ) =
∫
R

1[−T,T ](t) · e−2πitγdt

=

∫ T

−T
e−2πitγdt

=
1
−2πiγ

· e−2πitγ
∣∣∣∣∣T
−T

=
1
πγ
·

e2πiTγ − e−2πiTγ

2i

=
sin(2πTγ)

πγ

We define d(γ) = sin(γ)/(πγ), called the sinc function. Then, f̂ (γ) = d2πT (γ) is a
dilation of the sinc function. Note that f̂ < L1(R̂).
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Example 1.2. Consider f (t) = e−πrt2
, where r > 0. Then,

f̂ (γ) =
∫
R

e−πrt · e−2πitγdt

d
dγ

f̂ (γ) =
d

dγ

∫
R

e−πrt · e−2πitγdt

=

∫
R

d
dγ

e−πrt · e−2πitγdt

This exchange of integral and derivative must be justified, by something like the dom-
inated convergence theorem. Resuming,

=

∫
R

(−2πi) · e−πrt · e−2πitγdt

=
i
r

∫
R

d
dt

(e−πrt2
) · e−2πitγdt using integration by parts

=
i
r
·
(
e−πrt2

e−2πitγ
)∣∣∣∣∣∞
−∞︸                   ︷︷                   ︸

=0

+
−2πγ

r

∫
R

e−πrt2
· e−2πitγdt

=
−2πγ

r
f̂ (γ)

Then, we have the differential equation

d
dγ

f̂ (γ) =
−2πγ

r
f̂ (γ)

We can infer that f̂ (γ) = C · eg(γ), where

d
dγ

g(γ) =
−2πγ

r
=⇒ g(γ) =

−π · γ2

r

Then, we see that f̂ (γ) = C · e−π·γ
2/r and

C = f̂ (0) =
∫
R

e−πrt2
dt let u = πrt2

=
1
√
πr

∫ ∞

0
u−1/2e−udu =

Γ(1/2)
√
πr
=

1
√

r

Then, it follows that f̂ (γ) = r−1/2 · e−πγ
2/r.

Analytic Properties of the Fourier Transform
Proposition 1.3 (Riemann-Lebesgue Lemma). If f ∈ L1(R), then

lim
|γ|→∞

f̂ (γ) = 0.
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Proposition 1.4 (Open Problem). Let f be in the class of all continuous functions
which vanish at ±∞. Is f Fourier equivalent (same Fourier tranform) to an L1(R)
function?

Proposition 1.5. Suppose that f ∈ Cm(R) for m ≥ 1 (differentiable m-times), f , f ′, . . . , f (m) ∈

L1(R), and
for k = 0, 1, . . . ,m, lim

x→±∞
f (k)(x) = 0.

Then,
ˆf (m)(γ) = (2πiγ)m · f̂ (γ)

This follows from a routine integration by parts. Note the importance of translating the
differential operator into a polynomial relation (similar to the Laplace transform).

Definition. Let f , g ∈ L1(R). Recall that the convolution of f and g is defined by

f ∗ g(t) =
∫
R

f (t − u) · g(u)du

It turns out that the translation invariance of the Lebesgue measure (it is a Haar mea-
sure) guarantee that convolution is associative and commutative. This is equally valid
on any locally compact group using a Haar measure (which is essentially unique).

Proposition 1.6. If f , g ∈ L1(R), then f ∗ g ∈ L1(R) and f̂ ∗ g = f̂ · ĝ.

Proof. This is straight-forward application of Fubini’s theorem.

f̂ ∗ g(γ) =
∫
R

f ∗ g(x) · e−2πixγdx

=

∫
R

( ∫
R

f (x − y) · g(y) dy
)
· e−2πixγ dx

=

∫
R

g(y) ·
( ∫
R

f (x − y) · e−2πixγ dx
)

dy

=

∫
R

g(y) · e−2πiyγ ·

( ∫
R

f (x − y) · e−2πi(x−y)γ dx
)

dy

=

( ∫
R

g(y) · e−2πiyγ dy
)
·

( ∫
R

f (x) · e−2πixγ dx
)

= f̂ (γ) · ĝ(γ)

�

Note that because convolution is commutative, associative, and distributes with respect
to addition, we can consider L1(R) as a ring (without unity) with respect to this product.
In fact, it is a Banach algebra.

Definition. A sequence (or net) of functions {kn} ⊆ L1(R) is called an approximation
to the identity if the following hold:
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1.
∀n,

∫
kn(t)dt = 1.

2.
∃C > 0 s.t. ∀n,

∫
|kn(t)|dt ≤ C.

3.
∀ε > 0, lim

n→∞

∫
|t|>ε
|kn(t)|dt = 0.

Theorem 1.7. Let f ∈ L1(R) s.t. ‖ f ‖L1(R) = 1. Then the collection { fλ} is an approxi-
mation to the identity.

Proof. Parts (1.) and (2.) Dilations preserve the value of the respective integrals.
Part (3.) Note that ∫

|t|>ε
|λ f (λt)|dt =

∫
|u|>ε·λ

| f (u)|du

By assumption, we have that f ∈ L1(R), so the limit of the RHS must go to 0. �

Theorem 1.8. Let f ∈ L1(R) and {kn} be an approximation to the identity. Then,

lim
n→∞
‖ f − f ∗ kn ‖L1(R) = 0

This motivates the name approximation to the identity, and is a critical idea to establish
the fundamental ideas of the Fourier transform.

Proof. Suppose that { fi} ⊆ Cc(R) is a sequence of compactly supported functions in
L1(R) converging to f (in L1(R) norm). It is an elementary property of the Lp(R) spaces
that Cc(R) is dense for 1 ≤ p < ∞. Then, consider that

‖ ( f − f ∗ k) − ( fi − fi ∗ kn) ‖L1(R) = ‖ ( f − fi) − ( f − fi) ∗ kn ‖L1(R)

≤ ‖ f − fi ‖L1(R) + ‖ ( f − fi) ∗ kn ‖L1(R) Minkowski

≤ ‖ f − fi ‖L1(R) + ‖ f − fi ‖L1(R)‖ kn ‖L1(R)

→ 0 as i→ ∞

Then, it suffices to assume that f ∈ Cc(R).

Note that any compactly supported, continuous function is bounded, uniformly contin-
uous, and non-zero on a set of finite measure. Let M = ‖ f ‖L∞(R) and C = supn

{
‖ f ‖L1(R)

}
<

7
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∞. Given ε > 0, then ∃δ > 0 s.t. | f (x − y) − f (x)| < ε/2C, ∀|y| < δ. Now,

f (x) −
∫
R

kn(y) · f (x − y)dy =
∫
R

[kn(y) · f (x)]dy −
∫
R

[kn(y) · f (x − y)]dy

=

∫
R

kn(y) · [ f (x) − f (x − y)]dy

≤

∫
R

|kn(y)| · | f (x) − f (x − y)|dy

=

LHS︷                                    ︸︸                                    ︷∫
|y|≤δ
|kn(y)| · | f (x) − f (x − y)|dy +∫
|y|>δ
|kn(y)| · | f (x) − f (x − y)|dy︸                                    ︷︷                                    ︸

RHS

Given δ, we know that

RHS ≤ 2M
∫
|y|>δ
|kn(y)|dy ≤ 2M ·

ε

4M
=
ε

2

for sufficiently large n, by property 3 for approximations to the identity.

Also, we know that

LHS ≤ sup
|y|≤δ
{| f (x) − f (x − y)|}

∫
R

|kn(y)|dy ≤
ε

2C
·C =

ε

2
.

Then, we see that

f (x) −
∫
R

kn(y) · f (x − y)dy < ε

Then, the desired result follows from the dominated convergence theorem. �

Theorem 1.9. Suppose that H(γ) ∈ L1(R̂) is a function such that 0 ≤ H(λ · γ) ≤ 1 and

∀γ, lim
λ→0

H(λ·γ) = 1 and hλ(x) =
∫
R̂

H(λ·γ)·e2πixγdγ forms an approximation to the identity

Then, we have the following:

1. If f ∈ L1(R), then

( f ∗ hλ)(x) =
∫
R̂

H(λ · γ) f̂ (γ) · e2πixγdγ

2. Suppose that f ∈ L1(R), and f̂ ∈ L1(R̂). If

g(x) =
∫
R̂

f̂ (γ) · e2πixγdγ, then ‖ f − g ‖L1(R) = 0

8
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3. If f ∈ L1(R) s.t. f̂ = 0, then f = 0.

In [14], he gives the example H(γ) = e−|γ| and hλ(t) = 2λ/(λ2+x2). Professor Benedetto
was using H(γ) = 1[−1/2π,1/2π](λ) · (1 − 2π|γ|), but the only important properties for the
two are stated above.

Proof. Part (1.) This is a simple application of Fubini’s theorem.

( f ∗ hλ)(x) =
∫
R

f (x − y)dy
∫
R̂

H(λ · γ) · e2πiyγdγ

=

∫
R̂

H(λ · γ)dγ
∫
R

f (x − y) · e2πiyγdy

=

∫
R̂

H(λ · γ)dγ
∫
R

f (y) · e2πi(x−y)γdy

=

∫
R̂

H(λ · γ) f̂ (γ) · e2πixγdγ

Part (2.) First, note that

‖ f − g ‖L1(R) ≤

∫
R

∣∣∣∣ f (x)− ( f ∗ hλ)(x)
∣∣∣∣dx+

∫
R

∣∣∣∣∣( f ∗ hλ)(x)−
∫
R̂

H(λ · γ) · f̂ · e2πixγdγ
∣∣∣∣∣dx,

by the triangle inequality. Letting λ→ 0, we know that the left component of the above
goes to 0 by the assumption that {hλ} forms an approximation to the identity. Similarly,
we assumed that H(λ · γ) → 1 and the dominated convergence theorem implies the
right component goes to 0. Then, we’re done.

Part (3.) A direct corollary to the previous part. �

This establishes the basic properties of the Fourier transform. The next results require
more sophisticated analytic techniques.

Proposition 1.10 (Plancherel Theorem). There exists a unique linear isometry

F̃ : L2(R)→ L2(R̂)

such that

1. ∀ f ∈ L2(R), ‖ f ‖L2(R) = ‖ F̃( f ) ‖L2(R̂) (isometry).

2. ∀ f ∈ L1(R) ∩ L2(R), F̃( f ) = f̂ (extends our definition of Fourier transform).

The proof of this is quite similar to the above, and the technical details are omitted
here. It follows from the fact that f ∈ L1(R) ∩ L2(R), ‖ f ‖L2(R) = ‖ f̂ ‖L2(R̂). The rest
follows from the fact that L1(R) ∩ L2(R) is dense in L2(R), and we have an isometry
mapping a dense subset of L2(R) onto a dense subset of L2(R̂). The completeness of
these two spaces guarantee the existence and uniqueness of F̃.

Proposition 1.11 (Parseval’s Formula). Let f , g ∈ L2(R), then∫
R

f (x) · g(x) dx =
∫
R̂

f̂ (γ) · ĝ(γ) dγ

9
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Fourier Series
Definition. Let Ω > 0 and F : R → C be 2Ω periodic. Define T2Ω = R/(2Ω), and
suppose that ∫

K
|F| dx < ∞ for ∀K ⊂ R of finite measure.

Then, we say that F ∈ L1(T2Ω). The Fourier Series of such an F is denoted

S (F)(γ) =
∑
n∈Z

f [n] · e−2πinγ/2Ω, f [n] def
=

1
2Ω
·

∫ Ω

−Ω

F(γ) · e2πinγ/2Ωdγ

Note that there is no guarantee that this series converges, and sometimes it doesn’t.
There Riemann-Lesbesgue lemma still holds in this setting.

Proposition 1.12 (Dirichlét). Let F ∈ L1(T2Ω), and F be differentiable at γ0. Then,
S (F)(γ0) = F(γ0), in the sense that

lim
M,N→∞

N∑
n=−M

f [n] · e−2πinγ/2Ω = F(γ0)

Proposition 1.13. Let F ∈ L1(T2Ω). then, ∀[α, β] ⊂ [−Ω,Ω] we have∑
n∈Z

f [n] ·
∫ β

α

e−2πinγ/2Ωdγ =
∫ β

α

F(γ)dγ

This is true, regardless of the convergence of the Fourier series.

Periodization of an L1(R) Function
Definition. Let T > 0 and f ∈ L1(R). The T-periodization of f is the T -periodic
function

f̊T (t) =
∑
n∈Z

f (t − nT )

Note that∫ T

0
| f̊ (t)| dt =

∫ T

0

∣∣∣∣∣∑
n∈Z

f (t − nT )
∣∣∣∣∣ dt

≤
∑
n∈Z

∫ T

0
| f (t − nT )| dt (triangle inequality and Fubini)

=
∑
n∈Z

∫ (1−n)T

−nT
| f (u)| du

=

∫
R

| f (u)| du = ‖ f ‖L1(R),

which establishes that f̊T ∈ L1(TT ) and that the expression defining f̊T converges a.e.

10
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Theorem 1.14. Let f ∈ L1(R) and T > 0, and { f̊T [n]}n∈Z be the sequence of Fourier
series coefficients for f̊T . Then,

f̊T [n] =
1
T
· f̂

(−n
T

)
Proof.

f̊T [n] =
1
T

∫ T

0
f̊T (t) · e2πint/T dt

=
∑
m∈Z

1
T

∫ T

0
f (t − mT ) · e2πint/T dt (Fubini)

=
∑
m∈Z

1
T

∫ (1−m)T

−mT
f (u) · e2πin(u+mT )/T du

=
1
T

∑
m∈Z

∫ (1−m)T

−mT
f (u) · e2πinu/T du

=
1
T

∫
R

f (u) · e2πinu/T du

=
1
T
· f̂

(−n
T

)
�

Corollary 1.15 (Poisson Summation Formula). Suppose that f ∈ L1(R). Suppose that
S ( f̊T )(t) = f̊T (t) for some t ∈ TT (i.e. if f̊T is smooth at t). Then,

T
∑
n∈Z

f (t + nT ) =
∑
n∈Z

f̂
(−n

T

)
· e2πint/T

Proof. By assumption,

T
∑
n∈Z

f (t+ nT ) = T · S ( f̊T )(t) = T · f̊T (t) = T
∑
n∈Z

f̊T [n] · e−2πint/T =
∑
n∈Z

f̂
(−n

T

)
· e−2πint/T

�
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Proposition 2.1 (Poisson Summation Formula).

T ·
∑
n∈Z

f (t + nT ) =
∑
n∈Z

f̂ (n/T )e2πint/T

Proof. Proof omitted here. See [2, pgs. 505-523] for a proof. �

Example 2.2. It is the case that ∃ f ∈ L1(R), f continuous, f (n) = 0, ∀n ∈ Z, f̂ (n) =
0 ∀n , 0 and f̂ (0) = 1.

Proof. No proof of this claim will be provided. This example is intended to illustrate
that the statement in Proposition 2.1 doesn’t hold universally. The conditions under
which it does hold have remained unstated, but there clearly are some. �

For clear notation in what follows, define

PWΩ
def
=

{
f ∈ L2(R) | supp( f̂ ) ⊂ [−Ω,Ω]

}
and τus(t) def

= s(t − u)

where PW stands for Paley-Weiner.

Theorem 2.3 (Classical Sampling Theorem). Let T,Ω be positive real numbers such
that 0 < 2TΩ ≤ 1. Let s ∈ PW1/2T with ŝ(γ) = 1 for γ ∈ [−Ω,Ω], ŝ(γ) = 0 for
γ < [−1/2T, 1/2T ], and ŝ ∈ L∞(R̂). Then,

∀ f ∈ PWΩ, f = T ·
∑
n∈Z

f (nT )τnT s

in the L2 norm.

Proof. Note that by the Plancherel Theorem [14, p. 186], we have:

‖ f − T ·
∑
|n|≤N

f (nT )τnT s ‖L2(R) = ‖ f̂ (γ) − T ·
∑
|n|≤N

f (nT ) · e−2πinTγ · ŝ(γ) ‖L2(R̂)

= ‖ f̂ (γ) − T ·
∑
|n|≤N

f (nT ) · e−2πinTγ · ŝ(γ) ‖
L2( ̂[− 1

2T ,
1

2T ])

(2.1)

12
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Ω1

2T

1

2T

f

s

Ω

Figure 2.1: Example f and s

Define G ∈ L2(T1/T ), where T1/T
def
= R/((1/T )R), by

G(γ) =

 f̂ (γ), |γ| < Ω
0, Ω ≤ γ < 1/2T

Then, by [14, p. 186], the Fourier series of G is given by∑
|n|≤N

Ǧ[n] · e−2πinTγ

where

Ǧ =
∫
T1/T

G(γ) · e2πinTγdγ = T
∫ Ω

−Ω

f̂ (γ)e2πinTγdγ = T f (nT )

Then, continuing our calculation

(2.1) = ‖ f̂ −
∑
|n|≤N

Ǧ(n) · e−2πinTγ · ŝ ‖
L2( ̂[− 1

2T ,
1

2T ])

= ‖ f̂ −G ‖
L2( ̂[− 1

2T ,
1

2T ])
+ ‖G − S N(G) · ŝ ‖

L2( ̂[− 1
2T ,

1
2T ])

The first term goes to zero, again by [14, p. 186], so we are left with

‖G − S N(G) · ŝ ‖
L2( ̂[− 1

2T ,
1

2T ])
= ‖ ŝ(G − S N(G)) ‖

L2( ̂[− 1
2T ,

1
2T ])

≤ ‖ ŝ ‖L∞(R̂) · ‖G − S N(G) ‖
L2( ̂[− 1

2T ,
1

2T ])

where the last inequality is Hölder’s. This last term again goes to 0 by [14, p. 186].
That completes the proof. �

Example 2.4. Let 2TΩ = 1 and sΩ(t) = d2πΩ(t) = sin(2πΩt)/πt. Recall that the inverse
Fourier transform of [−Ω,Ω] is sΩ.

Example 2.5. Set ϕ(t) = sΩ(t)/
√

2Ω. Let V0 = span{τnTϕ}. This leads directly to an
MRA, which will be discussed later. Let ψ(t) = (1/

√
2Ω) ·

(
s2Ω(t) − sΩ(t)

)
. This is

known as the Shannon dyadic wavelet.

Now, for some applications of PSF (2.1):

13
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1. T
∑
δnT =

∑
e2πitn/T - engineering notation for dirac delta function (distribution)

2. Classical Sampling Theorem and relations to Locally Compact Abelian Groups

3. Euler-MacLaurin Formula: T ·
∑∞

0 f (nT ) =
∫ ∞

0 f (t)dt + error terms

4. Jacobi Formula: ϑ(t) =
∑

e−πn2t.

(a) ∀t > 0, ϑ(t) = 1
√

t
· ϑ

( 1
t
)

(b) Diffusion Equations

(c) Statistical Mechanics

(d) Automorphic forms & Elliptic functions

(e) Deligne’s proof of the Ramanajan conjecture

(f) Selberg trace formula is CST in number theoretic, non-abelian setting.

Given Zn = Z/nZ. Define the Fourier transform of f : Zn → C as F : Zn → C where

F[n] =
∑
m∈Zn

f (m)e−2πimn/N

Theorem 2.6 (Inversion Formula). Given f and F as stated, then

f (m) =
1
N

∑
n∈Zn

F(n)e2πimn/N

Proof. This shakes out immediately from the fact that

N∑
n=0

e2πin/N = 0.

�

Theorem 2.7 (Discrete Fourier Transform). Let Ω > 0, N ∈ 2N, and T s.t. 2ΩT = 1.
If f ∈ PWΩ, then consider the dilation fT as a function fT : Z → C (in addition to
being a continuous complex valued function on R), by m 7→ fT [m]. Define WN = e2πi/N

for notational purposes. Assume that fT ∈ `1(Z) and suppose that f̂ is continuous on
[−Ω,Ω]. Then, ∀n ∈ (−N/2,N/2), we have

f̂
(

2Ωn
N

)
= f̂

( n
NT

)
=

N−1∑
m=0

( fT )o[m] ·Wmn
N , where ( fT )o

N = T
∑
k∈Z

f
(
(m + kN) · T

)
Proof. By the CST (2.3), we have that

f = T
∑

f (mT ) · τmT d2πΩ =⇒ f̂ = T
∑

f (mT ) · e−mT · 1[−Ω,Ω]

14
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where er(γ) = e2πirγ.

If n ∈ (−N/2,N/2), then

f̂
(

2Ωn
N

)
= T

∑
f (mT ) · e−2πimT2Ωn/N (2TΩ = 1)

= T
∑

m

mN+N−1∑
p=mN

f (pT )e−2πipn/N

= T
∑

m

N−1∑
j=0

f
(
( j + mN)T

)
· e−2πi( jm/N+mN)

Rearranging the sum completes the proof. �

Now, for some historical motivation for wavelets.

Definition. Let g ∈ L2(R), and a, b > 0. The Gabor or Weyl-Heisenberg system of
Coherent States is the sequence {gm,n | (m, n) ∈ Z × Z}. Where

gm,n(t) = e2πitmb · g(t − na) = emb(t) · τnag(t).

Note that ĝm,n(γ) = τmb(e−na · ĝ)(γ). This arises as a tool in Quantum Mechanics.

Definition. Let ψ ∈ L2(R). The Dyadic Wavelet or Affine System for ψ is the sequence
{ψm,n | (m, n) ∈ Z × Z}, where

ψm,n(t) = 2m/2 · ψ
(
2m · t − n

)
=⇒ ψ̂m,n(γ) = 2−m/2 · e−n · ψ̂(γ · 2−m)

This arises in conjunction with the so called Affine Group, the group of affine transfor-
mations of R.

Some wavelets references: for a mathematical treatment see [10], for an applied math
treatment see [3], for an engineering treatment see [9].

Wavelets were developed independently in numerous disparate fields, from distinct ef-
forts and without significant cross fertilization until relatively recently.

In mathematics, this work was motivated by work in algebraic bases for function
spaces, the study of Fourier tranforms/series, and splines. Significant work was per-
formed by Haar (1909) in his PhD thesis, Franklin (1927), and Stromburg (1970’s),
Littlewood-Paley theory, and the Calderón formula.

In physics, the work was motivated by the above Gabor systems, in the work of Von
Neumann (1920’s or 1930’s), Heisenberg, and Weyl.

In engineering, the work was motivated by STFT (Short Time Fourier Transform),
speech processing (1970’s), two aspects of multi-resolution analysis - Quadratic Mir-
ror Filters (1970’s) and Image Processing (pyramidal schemes), the radar-ambiguity

15
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function (1953), and Walsh functions (primordial wavelet packets).

Proposition 2.8 (Alberto Calderón). ∃ψ such that ∀ f ∈ L2(R)

f (t) =
∫
R

ψ1/u ∗ ψ1/u ∗ f
du
u

Proof. For a proof, see [1, 2.2.2 (c.)]. It will not be proved here. To see what ψ must
be like, let’s take the Fourier transform. Note that

f̂ (γ) = f̂ (γ) ·
∫
R

[
ψ̂(uγ)

]2 du
u
=⇒

∫
R

[
ψ̂(uγ)

]2 du
u
= 1 (almost everywhere)

The establishes the continuous wavelet transform. �

Proposition 2.9 (Ingrid Daubechies). Given r ≥ 1, then ∃ψ ∈ C(r)
c (R) such that {ψm,n}

is an orthonormal basis for L2(R).

Proof. No proof given. This establishes a wavelet basis of arbitrary smoothness for
L2(R). This is an important extension to Haar’s work, which established a non-smooth
(step function, in fact) wavelet basis for L2(R). �

16
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The next step in the evolution of wavelet theory was Multi-Resolution Analysis (MRA).

Definition. (Intuitive) Set

fM =
∑
m≤M

∑
n∈Z

〈 f , ψm,n〉 · ψm,n

Assume that ψ satisfies suppψ ⊆ [−1/2, 1/2]. Then, suppψm,n ⊆ Im,n
def
= [n2−m −

2−(m+1), n2−m + 2−(m+1)]. Note that

fM+1 = fM + 〈 f , ψM+1,n, ·〉ψM+1,n

In other words, fM+1 deblurs fM by adding details at a finer scale, on intervals of length
2−(m+2). This is the essence of MRA.

Definition. (Formal) This was probably first formalized by Y. Meyer. The pair {V j} j∈Z, ϕ
is an MRA of L2(R) if

1. each V j is a closed subspace (of L2(R).

2. V j ⊆ V j+1 for each j ∈ Z.

3.
⋃

V j = L2(R) and
⋂

V j = 0 (the zero function).

4. f (t) ∈ V j ⇐⇒ f (2t) ∈ V j+1.

5. f ∈ V0 ⇐⇒ ∀k ∈ Z, τk f ∈ V0.

6. ϕ ∈ V0 and {τkϕ}k∈Z for an orthonormal basis (ONB) for V0.

For example, ϕ = 1[0,1) and V0 = span{τkϕ}, this is the Haar system.

Proposition 3.1. Given an MRA {V j}, ϕ of L2(R), then there exists an explicitly con-
structible ψ s.t. {ψm,n} is an ONB for L2(R).

17
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Outline of Meyer’s Algorithm: W j is defined s.t. V j ⊕W j = V j+1.

1. ∃ψ ∈ W0 s.t. {τkψ} is an ONB for W0 and {ψm,n} form an ONB for L2(R).

2. ∃h0[n] s.t.

ϕ(t) =
√

2 ·
∑

h0[n] · ϕ(2t − n) =⇒
√

2 · ϕ̂(2γ) = H0(γ) · ϕ̂(γ).

Where H0(γ) =
∑

h0[n] · e−2πinγ. Then,

ψ(t) =
√

2 ·
∑

h1[n] · ϕ(2t − n) =⇒
√

2 · ψ̂(2γ) = −e−2πiγ · H0(γ + 1/2) · ϕ̂(γ)

where h1[n] = (−1)n · h0[−n + 1]. So, |H0(γ)|2 + |H0(γ + 1/2)|2 = 2.

Proposition 3.2 (Heisenberg Uncertainty Principle). If f ∈ L2(R), t0 ∈ R, γ0 ∈ R̂,
then

‖ f ‖2L2(R) ≤ 4π · ‖ (t − t0) · f (t) ‖L2(R) · ‖ (γ − γ0) · f̂ (γ) ‖L2(R̂)

There are a series of Fourier uncertainty principles spawned by this idea.

This gives rise to two extreme cases:

• Suppose that f ∈ L2
loc(R) so that f is L2(I) for any finite interval I, and a ∈

[−3/2,−1/2). Suppose that f (t) is asymptotic to |t|a. then, f ∈ L2(R) and
∫
|t|2 ·

| f (t)|2dt = ∞.

• Suppose that f = 1[−T,T ] so that f̂ = d2πT and
∫
|γ|2 · | f̂ (γ)|2dγ = ∞.

Example 3.3. Suppose that

g(t) =

√
2s
π
· e−s(t−t0)2

· e2πitγ0 =⇒

σ2t = 4π‖ (t − t0) · g(t) ‖2L2(R) = π/s

σ2s = 4π‖ (γ − γ0) · ĝ(γ) ‖2
L2(R̂)
= s/π.

In this example, we get equality in the uncertainly principle. Apparently, this is an if
and only if situation. If we view the uncertainty principle as a product of variances, then
this situation for g seems to maximize the effectiveness of the process. This approach
was an important part of Gabor’s contribution - ”the best utilization of the information
area”. He wanted to decompose every signal into a collection of gaussians, to minimize
the uncertantity. That is, write

f (t) =
∑

m,n∈Z

cm,n ·

√
2s
π
· e−s(t−nσ2t)2

· e2πimσ2γ

As it turns out, this doesn’t quite work. It was a significant contribution to the field,
because it stimulated a lot of ideas.

18
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Gabor Gaussians

e-s(t-t0)2e2πitγ0

s=.25; t0=2; γ0=2

s=.25; t0=2; γ0=0

Proposition 3.4 (Balian - Low Theorem). Given a, b > 0 with ab = 1. Let f ∈ L2(R),
and fm,n(t) = e2πimbt · f (t − na). If { fm,n} is an ONB for L2(R), then∫

R

|t · f (t)|2dt = ∞ or
∫
R̂

|γ · f̂ (γ)|2dγ = ∞

It is clear that Gabor’s idea is incompatible with this fact.

Example 3.5 (Morlet Wavelet). Let ψ(t) = e−π·t
2
·
(
e2πitγ0 − e−πγ

2
0
)

and ψm,n(t) = 2m/2 ·

ψ
(
2m · t − n

)
be the dyadic system of dialates and translates.

The real idea is the ”same number of cycles for low, medium, and high frequencies”.
See [12].

Proposition 3.6 (Gabor Decomposition). This notation is a bit stiff. Suppose that
T,Ω > 0, 2TΩ ≤ 1, and g ∈ PW 1/2T with ĝ ∈ L∞(R̂), ĝ = 1 on [−Ω,Ω]. If
2TΩ < 1, then there are other conditions incompletely stated... (ĝ continuous, ĝ > 0
on [−1/2T, 1/2T ], maybe more?). Set

G(γ) =
∑
|ĝ(γ − mb)|2 s(t) = (ĝ/G)̌ (t)

Then, ∀ f ∈ L2(R),
f = T ·

∑
〈 f̂ , entτmbĝ〉 · τ−mT (embs)

Then, by theorem 2.3,

∀ f ∈ PWΩ, f = T
∑

f (nT )τmT s

19
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Ψm,n(t) = 2m/2 Ψ(2mt - n)

Ψ(t) = e-πt2(e2πitγ0 - e-πγ0
2
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Shannon Wavelet

Ψ(t) = 2-½ [sin 4πt - sin 2πt]/(πt)

Ψ0,6

Ψ-1,-3

Theorem 3.7 (Shannon Wavelet Decomposition). Let Ω > 0,

ϕ = (1/
√

2Ω) · d2πΩ

ψ = (1/
√

2Ω) · (d2π(2Ω) − d2πΩ) so
√

2Ω · ψ̂ = 1[−2Ω,−Ω) + 1(Ω,2Ω]
√

2Ω · ψ̂m,0(γ) = 2−m/2 ·
√

2Ω · ψ̂
( γ
2m

)
20
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Let f ∈ L2(R), f̂ = F (notational convenience), Ω > 0, ϕ and ψ as above. Then,

f =
√

2Ω · f ∗ ϕ +
∞∑

m=0

∑
n∈Z

dm,nψm,n/(4Ω) =⇒

f =
∑
m∈Z

∑
n∈Z

dm,n · ψm,n/(4Ω) in the L2(R) norm.

dm,n =
1

√
2Ω · 2(m/2+1)

·

∫ 2m+1Ω

−2m+1Ω

F(γ) ·
(
1[−2mΩ,−2mΩ) + 1(2mΩ,2m+1Ω]

)
(γ) · e2πinγ/(2m+2Ω)dγ

Proof.

F(γ) =
√

2Ω ·

F(γ) · ϕ̂(γ) +
∞∑

m=0

F(γ) · ψ̂
( γ
2m

) = √2Ω ·
∑
m∈Z

F(γ) · ψ̂
( γ
2m

)
.

Set Fm(γ) =
√

2Ω · F(γ) · ψ̂(γ/2m), and fm = F̌m. Then, ∀m ∈ Z, fm ∈ PW2m+1Ω and
supp Fm ⊆ [−2m+1Ω,−2mΩ) ∪ (2mΩ, 2m+1Ω].

Then, we can consider Fm as a 2m+2Ω periodic function on R̂ with

√
2Ω · F(γ) · ψ̂

( γ
2m

)
on [−2m+1Ω, 2m+1Ω]

S (Fm)(γ) =
∑
m∈Z

cm,n · e−2πimγ/(2m+2Ω) (Fourier series)

From the basic facts of Fourier series, we know that

fm(t) =
∫ 2m+1Ω

−2m+1Ω

Fm(γ)e2πitγdγ

=
√

2Ω ·
∑
m∈Z

cm,n ·

∫ 2m+1Ω

−2m+1Ω

ψ̂
( γ
2m

)
· e2πi(t−m/(2m+2Ω))γdγ︸                                       ︷︷                                       ︸
ψm,n/(4Ω)

in L2(R) norm.

But, remember that

f =
∑
m∈Z

fm =
∑
m∈Z

∑
n∈Z

√
2Ω · cm,n · ψm,n/(4Ω)

�

Note:

• {ψm,n/(4Ω)} is not orthogonal in L2(R), even though{
1

2m/2 ·
√

2Ω
· e−2πi(n/(2m+2Ω))γ

}
is an ONB for L2(T2m+2Ω).
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• {ψm,n/(2Ω)} is an orthonormal sequence in L2(R). Therefore, if we show

∀ f ∈ L2(R),
∑

m,n∈Z

|〈 f , ψm,n/(2Ω)〉|
2 = ‖ f ‖2L2(R),

then we can conclude that {ψm,n/(2Ω)} is an ONB for L2(R).

Definition. Let H be a separable Hilbert space, {en}n∈Z ⊂ H is a frame for H if ∃A, B >
0 s.t.

∀x ∈ H, A‖x‖2 ≤
∑
n∈Z

|〈x, en〉|
2 ≤ B‖x‖2

If A = B, then it is called a tight frame.

The Shannon Wavelet Decomposition 3.7 asserts that {ψm,n/(4Ω)} is a tight wavelet frame
with A = B.

Proposition 3.8. If {en} is a frame for H, then

∀x ∈ H, x =
∑
〈x, S −1en〉 · en, where Sx =

∑
〈x, en〉 · en

It turns out that Sx defines a topological isomorphism (I think this is directly from open
mapping?). See chapter 12 in [6].
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Definition. Let K ⊆ R̂ be called τ congruent to [−1/2, 1/2)d iff ∃{K j} a disjoint (except
on sets of measure 0) set of Lebesgue measurable subsets of R̂d, and ∃{k j} ⊆ Z

d s.t.
{K j} is a partition of K and {K j + k j} is a partition of [−1/2, 1/2)d.

Example 4.1. Let K = [−1,−1/2) ∪ [1/2, 1) ⊆ R̂.

1. K is τ congruent to [−1/2, 1/2). Let K− = [−1,−1/2) and K+ = [1/2, 1). Then,
(K− + 1) ∪ (K+ − 1) = [−1/2, 1/2). This example is relevant to the artwork of
M.C. Escher.

2. {2mK}m∈Z is a partition of R̂.

3. Let ψ̂ = 1[−1,−1/2) + 1[1/2,1) = 1K . Note that if f ∈ L2(R), and m, n ∈ Z, then∫
R̂

ψ̂m,n · f̂ dλ =
∫ −1/2

−1
(̂2mλ) · e2πinλdλ +

∫ 1

1/2
f̂ (2mλ) · e2πinλdλ

=

∫ 1/2

0
f̂ (2m(γ − 1))e2πinγdγ +

∫ 0

−1/2
f̂ (2m(γ + 1)) · e2πinγdγ

=

∫ 1/2

−1/2
e2πinγ ·

(
f̂ (2m(γ − 1))1K− (γ − 1) + f̂ (2m(γ + 1))1K+ (γ + 1)

)
dγ

This example will reappear in later work, and is instrumental throughout this lecture.

I took the liberty of introducing this as a lemma. It was presented in lecture as part of
a theorem.

Lemma 4.2. If K ⊆ R̂d is Lebesgue measurable s.t.

1. K is τ congruent to [−1/2, 1/2)d.

2. {2mK} is a partition (tiling) of R̂d.

3. |K| = 1.
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Let ψ̂ = 1K . Then, ∀ f ∈ L2(Rd), we have∑
m∈Z
n∈Zd

|〈 f , ψm,n〉|
2 = ‖ f ‖2L2(Rd)

Proof. Obviously, our example works for d = 1, but it isn’t clear that this even works
for higher dimensions (it does). No matter for now, suppose we had such a set. Then,
note∑
m∈Z
n∈Zd

|〈 f , ψm,n〉|
2 =

∑
m∈Z
n∈Zd

2md
∣∣∣∣∣∫

R̂d
f̂ (γ) · 2−md · e2πi(n2−m)·γ · ψ̂(2−mγ)dγ

∣∣∣∣∣2 by Parseval’s theorem

=
∑
m∈Z
n∈Zd

2−md
∣∣∣∣∣∫

R̂d
f̂ (2mλ) · e2πin·λ · ψ̂(λ)2mddγ

∣∣∣∣∣2

=
∑
m∈Z
n∈Zd

2md
∣∣∣∣∣∫

K
f̂ (2mλ) · e2πin·λdλ

∣∣∣∣∣2

=
∑
m∈Z
n∈Zd

2md

∣∣∣∣∣∣
∫

[−1/2,1/2)d
e2πin·λ

∑
j

f̂ (2m(γ − k j)) · 1K− j(γ − k j)

︸                                      ︷︷                                      ︸
Gm(γ)

dγ

∣∣∣∣∣∣2

=
∑
m∈Z

2md
(∫

[−1/2,1/2)d

∣∣∣∣Gm(γ)
∣∣∣∣2dγ

)
by Parseval’s theorem

=
∑
m∈Z

2md
∫

K

∣∣∣ f̂ (2mλ)
∣∣∣2dλ

=
∑
m∈Z

∫
2mK

∣∣∣ f̂ (γ)
∣∣∣2dγ

= ‖ f̂ ‖2
L2(R̂d)

by Property 2 of K

= ‖ f ‖2L2(Rd) by Plancherel

�

Theorem 4.3. Let K = [−1,−1/2) ∪ [1/2, 1) and ψ̂ = 1K . Then, {ψm,n} is an ONB for
L2(R).

Proof. The set {ψm,n} is orthonormal (asserted last class, and an immediate conse-
quence of the Plancherel theorem). To conclude that it is a basis, it remains to show
that

∀ f ∈ L2(R),
∑
|〈 f , ψm,n〉|

2 = ‖ f ‖2L2(R)

This follows immediately from the previous lemma. �

Theorem 4.4. Let K ⊆ R̂d be a Lebesgue measurable set s.t.
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1. |K| = 1.

2. {2mK} is a partition (tiling) of R̂d.

3. K is τ congruent to [−1/2, 1/2)d.

Set ψ = 1̌K . Then, {ψm,n} forms an ONB for L2(Rd).

Proof. As in the previous, this follows from Plancherel and the lemma. �

Definition. Let Im,n = {x ∈ R | 2−mn ≤ x < 2−m(n+1)}. This is called a dyadic interval.
Note that Im+1,2n is the lower half of Im,n and Im+1,2n+1 is the upper half.

I have taken liberties with this result, to pick the low hanging fruit for the fact that the
Haar wavelets form an orthogonal system.

Lemma 4.5. Let Im,n and Ip,q be dyadic intervals and assume WLOG that m ≤ p. Then,
exactly one of the following holds:

1. Im,n = Ip,q ⇐⇒ m = p and n = q.

2. Im,n ∩ Ip,q = ∅.

3. m < p and Ip,q ⊆ Im+1,2n ⊂ Im,n.

4. m < p and Ip,q ⊆ Im+1,2n+1 ⊂ Im,n.

Proof. Suppose not, for a contradiction. The first two cases are trivial, so it suffices to
assume that m < p. Then, it must be the case that

q
2p <

n
2m =

2n
2m+1 <

q + 1
2p or

q
2p <

2n + 1
2m+1 <

q + 1
2p or

q
2p <

n + 1
2m =

2n + 2
2m+1 <

q + 1
2p

These all reduce to the case of M ≤ p, and

q
2p <

N
2M <

q + 1
2p

But, note that p − M ≥ 0, so N · 2p−M is an integer, and

q < N · 2p−M < q + 1

Then, we have found an integer strictly between q and q + 1, so we have reached the
desired contradiction. Note that the actual conclusion of this is that Ip,q is in one half
of Im,n. �

Theorem 4.6. Let ψ = 1[0,1/2 − 1[1/2,1) be the Haar function. Then,

1. ∀m, n ∈ Z, suppψm,n = Im,n.
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2. {ψm,n}m,n∈Z is orthonormal.

Proof. Part (1.) Note that x ∈ suppψm,n ⇐⇒ 2mx − n ∈ [0, 1) ⇐⇒ 2mx ∈
[n, n + 1) ⇐⇒ x ∈ [2−mn, 2−m(n + 1)) = Im,n.

Part (2.) Consider 〈ψm,n, ψp,q〉. From the previous lemma, there are only four cases.
Case (1.) m = p and n = q, and (by definition of ψ) we have 〈ψm,n, ψp,q〉 = ‖ψm,n ‖L2(R) =

1.
Case (2.) Obviously, 〈ψm,n, ψp,q〉 = 0, because suppψm,n ∩ suppψp,q = ∅.
Cases (3.) and (4.) From the lemma, we can conclude that ψm,n is constant (±1) on
suppψp,q. �

Theorem 4.7. Let ψ be the Haar function. Then, {ψm,n} is an ONB for L2(R).

Proof. That it is an orthonormal system was just shown. Now, it suffices to show that

∀ f ∈ L2(R), f =
∑
〈 f , ψm,n〉ψm,n in L2(R) norm.

This will be done as follows: Given ε > 0 and g ∈ L2(R).
First, show that ∃N ∈ N, ∃gN ∈ L2(R) s.t. supp gN ⊆ [−2N , 2N] and

‖ g − gN ‖L2(R) < ε/3.

Second, show that ∃M ∈ N and ∃ f ∈ L2(R) s.t. supp f ⊆ [−2N , 2N], f is constant on
intervals Im,n, and

‖ gN − f ‖L2(R) < ε/3.

Lastly (and most difficult), ∃{cm,n ∈ C | m, n ∈ F1 × F2 F j ⊆ Z finite} s.t.

‖ f −
∑

cm,nψm,n ‖L2(R) < ε/3.

This outline will be completed in two weeks. �
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Haar Wavelet

Ψ(t) = 1[½,1) - 1[0,½)

Ψ

Ψ1,10

Ψ-1,-3

Theorem 5.1. Let ψ be the Haar function. Then, {ψm,n} is an ONB for L2(R).

Proof. That it is an orthonormal system was shown last lecture. Now, it suffices to
show that any function in L2(R) can be approximated by a sum of the ψm,n (in L2(R)
norm). This will be done as follows: Given ε > 0 and g ∈ L2(R).

1. ∃N ∈ N, ∃gN ∈ L2(R) s.t. supp gN ⊆ [−2N , 2N] and

‖ g − gN ‖L2(R) < ε/3.

2. ∃M ∈ N and ∃ f ∈ L2(R) s.t. supp f ⊆ [−2N , 2N], f is constant on intervals Im,n,
and

‖ gN − f ‖L2(R) < ε/3.
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3. ∃{cm,n ∈ C | m, n ∈ F1 × F2 F j ⊆ Z finite} s.t.

‖ f −
∑

cm,nψm,n ‖L2(R) < ε/3.

Parts (1.) & (2.) follow from the elementary properties of integration, and will be left
as exercises.

Part (3.) We will do this iteratively. For the first step, define f0 = f . Then, we will
define f−1, and write f0 = f−1 + e−1 (where e−1 denotes an error term, and does not
conform to our earlier notational conventions).

At this point, Professor Benedetto introduced some notation with brackets that I found
confusing rather than enlightening, so I am just not going to omit it. Recall that we
defined f = f0 as constant on the intervals IM,n. We will define f−1 to be constant on
intervals IM−1,n. On the interval IM−1,n, set

f−1(t) =
1
2
·

(
f0
( 2n
2M

)
+ f0

(2n + 1
2M

))
,

or the average of f0 on the intervals IM,2n and IM,2n+1 (where it was constant on each).
So, f−1 is constant on intervals twice as long as that of f0.

By definition, e−1 on is f0 − f−1. Then, on the interval IM,2n we see that

e−1(t) = f0
( 2n
2M

)
−

1
2
·

(
f0
( 2n
2M

)
+ f0

(2n + 1
2M

))
=

1
2
·

(
f0
( 2n
2M

)
− f0

(2n + 1
2M

))
Similarly, on the interval IM,2n+1 we see

e−1(t) = f0
(2n + 1

2M

)
−

1
2
·

(
f0
( 2n
2M

)
+ f0

(2n + 1
2M

))
= −

1
2
·

(
f0
( 2n
2M

)
− f0

(2n + 1
2M

))
Then, it is clear from inspection that on IM−1,n we have

e−1(t) = e−1(2k/2M) · (1IM,2n − 1IM,2n+1 ) =⇒ e−1(t) = 2−(M−1)/2 · e−1(2k/2M) · ψM−1,n and

e−1 =

2N+M−1−1∑
k=−2N+M−1

2−(M−1)/2 · e−1(2k/2M) · ψM−1,k on [−2N , 2N] =⇒ f = f−1 +
∑

k

cM−1,k · ψM−1,k.

Iterate similarly, to define f−2 and so forth. This terminates at step (M + N), where
IM−(M+N),n = I−N,n of length 2N . Then, [−2N , 2N] = I−N,−1 ∪ I−N,0, and we have

f = f−(M+N) +

M+N∑
m=1

∑
k

CM−m,kψM−m,k

where f−(M+N) is constant on the intervals [−2n, 0) = I−N,−1 and [0, 2N) = I−N,0. We
reduce notation to call f−(M+N) = f±1[−2N ,2N ). If this function is identically zero, then
we are done. That is probably not the case, so we will have to continue this iterative
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process. We end up approximating f with two functions whose supports are strictly
larger support of f . This is unfortunate, but necessary. For any P > 0, we get

f = 2−P f±1[−2N+P,2N+P +

M+N+P∑
m=1

∑
k

cM−m,kψM−m,k︸                         ︷︷                         ︸
∗

Then, we can note that

‖ f−∗ ‖2L2(R) = ‖ 2−P f±1[−2N+P,2N+P) ‖
2
L2(R) ≤ 2−2P

∫ 2N+P

−2N+P
max{( f±)2}dt ≤ 2−2P+N+P+1·C = 2(N+1)−P·C

For sufficiently large P, this will be smaller than ε/3. �

Note that by carefully considering our last few steps, this will work for any P > 1, and
will not work at all for P = 1.

Definition. The Haar Orthonormal Basis or Haar System for L2(T) is defined as

{ϕ, ψm,n | m = 0, 1, . . . , 0 ≤ n < 2m}, ϕ = 1[0,1).

Proposition 5.2. The Haar System on [0, 1) is a basis for L1([0, 1)).

It is important to note that there does not exist an unconditional basis for L1([0, 1)).
This means that you must consider ordered bases, because the associated sums of ele-
ments may not converge for arbitrary rearrangements (hence, unconditionally).

At this point, two new homework problems are introduced (which will be incorporated
somehow in the homework set):

1. Does the set {τkψm,n | k ∈ Z,m = 0, 1 . . . , 0 ≤ n < 2m} form a basis for L1(R)?

2. Let f ∈ Lp(T), with 1 < p < ∞, with wavelet coefficients 〈 f , ψm,n〉. Suppose that
g ∈ L1(T) has the property that ∀m = 0, 1 . . . , 0 ≤ n < 2m we have |〈 f , ψm,n〉| =

|〈g, ψm,n〉|. Prove that g ∈ Lp(T). What can you say about the relation between g
and f ?

Proposition 5.3 (Some Haar System Properties). Choose an ordering for the Haar
system for T, θp for p = 0, 1, . . .. Define the Haar series of f ∈ L1(T)

H( f )(γ) =
∞∑

p=0

f [p]θp(γ), where f [p] =
∫
T

f (t)θp(t)dt

Then, in contrast to Fourier Series, for F ∈ L1(T)

• H(F) = F a.e.

• F continuous at γ =⇒ H(F)(γ) = F(γ).
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There are several other similar type results regarding F and H(F) which were men-
tioned, but not spelled completely out. While these results indicate significant improve-
ments for Haar series versus Fourier series, this is not always the case. Also in contrast
to Fourier series,

• If F ∈ C(T) and
∑
| f [p]| < ∞, then it is not the case that

∑
f [p]θp converges

uniformly.

Now, returning to the definition of an MRA.

Definition. The pair {V j} j∈Z, ϕ is an Multi Resolution Analysis of L2(R) if

1. each V j is a closed (vector) subspace (of L2(R).

2. V j ⊆ V j+1 for each j ∈ Z.

3.
⋃

V j = L2(R) and
⋂

V j = 0 (the zero function).

4. f (t) ∈ V j ⇐⇒ f (2t) ∈ V j+1.

5. f ∈ V0 ⇐⇒ ∀k ∈ Z, τk f ∈ V0.

6. ϕ ∈ V0 and {τkϕ}k∈Z for an orthonormal basis (ONB) for V0.

The ϕ is called a scaling function.

Proposition 5.4. Let {V j}, ϕ be an MRA of L2(R). Then, there is a constructible func-
tion ψ, which depends on ϕ, s.t. {ψm,n} is an ONB for L2(R).

Examples of this are the Haar (to be shown) and Shannon systems.

Let ϕ ∈ L2(R), and define
Φ(γ) =

∑
n∈Z

|ϕ̂(γ + n)|2

Note that Φ ∈ L1(T) by the Beppo-Levi and Plancherel theorems.

Theorem 5.5. Let ϕ ∈ L2(R) and let V = span{τkϕ}. Then, {τnϕ} is an ONB for V if
and only if Φ = 1 a.e.

Proof. Consider ∫
ϕ(t)ϕ(t − n)dt =

∫
|ϕ̂(γ)|2e2πinγdγ

=
∑

k

∫
T

|ϕ̂(γ + k)|2 · e2πinγdγ

=

∫
T
Φ(γ) · e2πinγdγ

There are several standard analysis results that justifies interchanging the sum and the
integral in the last step of the above, namely the dominated convergence theorem or the
Weierstraß M-test.
From the basic facts from Fourier series, the left hand side of the above is δn,0 ⇐⇒ Φ

is 1 a.e. �
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There are some other results similar in nature to the above:

• {τnϕ} is a Riesz basis for V ⇐⇒ ∃A, B > 0 s.t. A ≤ Φ ≤ B a.e. on T

• {τnϕ} is a frame for V ⇐⇒ ∃A, B > 0 s.t. A ≤ Φ ≤ B almost everywhere that Φ
is non-zero.

Definition. Suppose that H ∈ L1(T). H is called a conjugate mirror filter or quadrature
mirror filter if |H(γ)|2 + |H(γ + 1/2)|2 = 2 a.e. Professor Benedetto cited a book by
author P.P. Vaidyanathan. I think [15] must be the one he intended.

Proposition 5.6. Let ϕ ∈ L2(R) and assume that {τnϕ} is ON and

ϕ̂(γ) =
1
√

2
· H0

(
γ

2

)
ϕ̂
(
γ

2

)
a.e. for H0 ∈ L1(T)

Then, H0 is a conjugate mirror filter.

31



Lecture 6

14 October 2008

Recall the definition H ∈ L1(T) is a conjugate mirror filter if |H(γ)|2+ |H(γ+1/2)|2 = 2
a.e. Note that such an H ∈ L∞(T) and ‖H ‖L∞(T) ≤

√
2. Also, define the A(T) ⊆ C(T)

to the space of absolutely convergent Fourier series.

Proposition 6.1. Let H ∈ A(T) and

h[n] =
∫
T

H(γ) · e2πinγdγ,

then H is a conjugate mirror filter if and only if∑
n∈Z

h[n − 2 j] · h[n − 2k] = δ( j, k) =

1 if j = k
0 otherwise

In this case, ‖H ‖L2(T) = 1 and

‖H ‖2L2(T) ≤ ‖H ‖2L∞(T) ≤
∑
n∈Z

|h[n]| = ‖H‖A

Definition. Let U = (u jk) be an element of N × N complex matrices. U is unitary if
and only if its column (or row) vectors are orthonormal.

Proposition 6.2. Let H0,H1 ∈ L1(T). Define

U(γ) =
1
√

2
·

(
H0(γ) H0(γ + 1/2)
H1(γ) H1(γ + 1/2)

)
(6.1)

U is unitary a.e. ⇐⇒ H0,H1 are conjugate mirror filters and

H0(γ) · H1(γ) + H0(γ + 1/2) · H1(γ + 1/2) = 0 a.e.

Theorem 6.3. Let H0,H1 ∈ L1(T), define U as in eq. 6.1. Then, U is unitary if and
only if H0,H1 are CMFs and ∃K 1-periodic s.t.

H1(γ) = K(γ) · H0(γ + 1/2), K(γ + 1/2) + K(γ) = 0, |K| = 1

32



Lecture Notes for Math 648

Proof. ”=⇒”. Suppose U is unitary. Then,

H1(γ) · H0(γ) = −H1(γ + 1/2) · H0(γ + 1/2) (6.2)

Let A = {γ | H0(γ) = 0}, B = {γ | H0(γ) , 0}. Then, A ∩ B = ∅ and A ∪ B = T. If
γ ∈ B, then define

K(γ) =
−H1(γ + 1/2)

H0(γ)
If |A| > 0 (or it doesn’t matter), and γ ∈ A, define

K(γ) =
H1(γ)

H0(γ + 1/2)

Then, using eq. 6.2, we see that ∀γ ∈ T, H1(γ) = K(γ) · H0(γ + 1/2).
To see that K(γ+1/2) = −K(γ) entails three similar cases. To demonstrate one, suppose
that γ, γ + 1/2 ∈ B, then note that

K(γ + 1/2) =
−H1

(
(γ + 1/2) + 1/2

)
H0(γ + 1/2)

=
−H1(γ)

H0(γ + 1/2)
=

H1(γ + 1/2)

H0(γ)
= −K(γ)

The case where γ ∈ A, γ + 1/2 ∈ B or γ ∈ B, γ + 1/2 ∈ A follow along similar lines
(one less step).

Finally, to see that |K| = 1 (left out in class, because it’s simple and tedious). Note that

H1(γ) = K(γ) · H0(γ + 1/2) and K(γ + 1/2) = −K(γ) =⇒

H1(γ + 1/2) = K(γ + 1/2) · H0(γ) = −K(γ)H0(γ)

By assumption, U is unitary, and note that

1 = 〈U2(γ),U2(γ)〉 =
1
2
·
〈(

H1(γ),H1(γ + 1/2)
)
,
(
H1(γ),H1(γ + 1/2)

)〉
=

1
2
·
〈(

K(γ) · H0(γ + 1/2),−K(γ)H0(γ)
)
,
(
K(γ) · H0(γ + 1/2),−K(γ)H0(γ)

)〉
=

1
2
·
(
|H0(γ)|2 + |H0(γ + 1/2)|2

)
· |K(γ)|2 = |K(γ)|2

”⇐=”. The row vectors of U(γ) have norm 1, by the CMF hypothesis. Note that using
H1(γ) = K(γ) · H0(γ + 1/2), then,

U(γ) =
1
√

2
·

 H0(γ) H0(γ + 1/2)

K(γ) · H0(γ + 1/2) K(γ + 1/2) · H0(γ)


Note that

〈U1(γ),U2(γ)〉 =
〈(

H0(γ),H0(γ + 1/2)
)
,
(
K(γ) · H0(γ + 1/2),K(γ + 1/2) · H0(γ)

)〉
= K(γ) · H0(γ) · H0(γ + 1/2) + K(γ + 1/2) · H0(γ) · H0(γ + 1/2)

= H0(γ) · H0(γ + 1/2) ·
(

K(γ) + K(γ + 1/2)︸                  ︷︷                  ︸
0

)
= 0
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Then, U is unitary, since its row vectors are orthonormal. �

Remark: Suppose that H0,H1 ∈ L∞(T) with H0 a CMF, H1(γ) = K(γ) · H0(γ + 1/2)
and K(γ) + K(γ + 1/2) = 0. Embedded in the previous proof is the fact that

|H1(γ)|2 + |H1(γ + 1/2)|2 = 2|K(γ)|2.

Then, the fact that |K(γ)| = 1 is critical to the conclusion. For example, consider
K(γ) = sin(2πγ).

Corollary 6.4. Let H0 be a CMF and F ∈ L1(T). Then,

F(γ) · H0(γ) = −F(γ + 1/2) · H0(γ + 1/2) ⇐⇒ F(γ) = KF(γ) · H0(γ + 1/2)

for some 1-periodic KF satisfying KF(γ) + KF(γ + 1/2) = 0.

Example 6.5. Given H0,H1 as in the theorem, assume that their Fourier coefficients
are related by

h1[n] = (−1)nh0[−n + 1]

Then, K(γ) = −e−2πiγ. In fact,

H1(γ + 1/2) =
∑
k∈Z

h1[k]e−2πik(γ+1/2)

=
∑
k∈Z

h0[−k + 1]e−2πikγ

= e−2πiγH0(γ)

This equality holds a.e, by virtue of Lusin-Carleson.

Lemma 6.6. Let ϕ ∈ L2(R). Assume that {τnϕ} is an orthonormal system and

ϕ̂(γ) =
1
√

2
· H0

(
γ

2

)
· ϕ̂

(
γ

2

)
for some H0 ∈ L1(T). Then, H0 is a CMF (and hence H0 ∈ L∞(R)).

Proof. Recall that we proved last lecture (theorem 5.5) that

{τnϕ} is ON ⇐⇒
∑
n∈Z

|ϕ̂(γ + n)|2 = Φ(γ) = 1 a.e.
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Note that

ϕ̂(γ + n) =
1
√

2
· H0

(
γ

2
+

n
2

)
· ϕ̂

(
γ

2
+

n
2

)
=⇒

1 = Φ(γ) =
1
2

∑
n∈Z

∣∣∣∣∣H0

(
γ

2
+

n
2

)∣∣∣∣∣2 · ∣∣∣∣∣ϕ̂(γ2 + n
2

)∣∣∣∣∣2 letting λ =
γ

2
=⇒

2 =
∑
n∈Z

∣∣∣∣∣H0

(
λ +

n
2

)∣∣∣∣∣2 · ∣∣∣∣∣ϕ̂(λ + n
2

)∣∣∣∣∣2
=

∑
n∈Z

n even

∣∣∣∣∣H0

(
λ +

n
2

)∣∣∣∣∣2 · ∣∣∣∣∣ϕ̂(λ + n
2

)∣∣∣∣∣2 +∑
n∈Z

n odd

∣∣∣∣∣H0

(
λ +

n
2

)∣∣∣∣∣2 · ∣∣∣∣∣ϕ̂(λ + n
2

)∣∣∣∣∣2
= |H0(λ)|2

∑
m∈Z

|ϕ̂(λ + m)|2︸            ︷︷            ︸
Φ(γ)=1

+ |H0(λ + 1/2)|2
∑
m∈Z

|ϕ̂(λ + 1/2 + m)|2︸                     ︷︷                     ︸
Φ(γ+1/2)=1

�

Assume that {V j} is an MRA of R with scaling function ϕ. Define W j to be the orthogo-
nal complement of V j in V j+1. Then, W j is a closed subspace of V j+1 and V j+1 = V j⊕W j

(i.e. f ∈ V j+1 decomposes uniquely as f = fV + fW with fV ∈ VJ , fW ∈ W j and fV⊥ fW ).

Remark: Note that f (t) ∈ W j if and only if f (t/2) ∈ W j−1. To see this, suppose that
f ∈ Wm. Then, f ∈ Vm+1 ⊇ Wm. Therefore, f (t/2) ∈ Vm = Vm−1 ⊕Wm−1. On the other
hand, f (t/2)⊥Vm−1 because

〈ϕm,n, f (t/2)〉 = 2(m−1)/2
∫

ϕ
(
2m−1t − n

)
·

1
√

2
· f

( t
2

)
dt (letting u = t/2)

= 2m/2
∫

ϕ
(
2mu − n

)︸       ︷︷       ︸
∈Vm

· f (u)︸︷︷︸
∈Wm

du = 0

Lemma 6.7. Given the MRA {V j} with scaling function ϕ, there is a canonically con-
structed CMF associated with this MRA.

Proof. Consider that ϕ−1,0 = (1/
√

2)ϕ(t/2) ∈ V−1 ⊂ V0. The set {τnϕ} is an ONB for
V0. Then, we know that

1
√

2
· ϕ

( t
2

)
=

∑
n∈Z

h0[n] · ϕ(t − n) (6.3)

where
{h0[n]} ∈ `2(Z) and h0[n] =

∫
R

ϕ−1,0(t) · ϕ(t − n)dt.

Taking the Fourier Transform of eq. 6.3, we get
√

2 · ϕ̂(2γ) = H0(γ) · ϕ̂(γ), where H0(γ) =
∑
n∈Z

h0[n] · e−2πinγ ∈ L2(T) ⊆ L1(T)
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From the previous lemma, we can conclude that H0 is a CMF. This is apparently re-
ferred to as the solution of the frequency scaling equation, for the obvious reason. �

In the class, Professor Benedetto began the proof of the MRA theorem. I moved proof
to the next class for completeness.
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Theorem 7.1 (MRA Theorem). Let {V j} be an MRA of L2(R) with scaling function
ϕ ∈ L2(R). There is a canonically constructible ψ ∈ W0 for this MRA s.t. {ψm,n} is
an ONB for L2(R). In fact, if H0 is the solution to the frequency scaling equation with
Fourier coefficients h0[n], then

ψ(t) =
√

2
∑
n∈Z

h1[n] · ϕ(2t − n) ∈ L2(R)

h1[n] = (−1)n+1 · h0[−n − 1]

Proof. We will break this proof into sections.
Part (a.) Recall that V1 is the closure of the subspace of L2(R) spanned by the collec-
tion {τnϕ(2t)}. Then,

f ∈ V1 ⇐⇒ f =
∑
n∈Z

〈 f ,
√

2 · ϕ(2t − n)〉 ·
√

2 · ϕ(2t − n) ⇐⇒

f̂ =
∑
n∈Z

〈 f ,
√

2 · ϕ(2t − n)〉 ·
1
√

2
· ϕ̂

(
γ

2

)
· e−2πi(n/2)γ =

1
√

2
· ϕ̂

(
γ

2

)
· F f

(
γ

2

)
where

F f

(
γ

2

)
def
=

∑
n∈Z

〈 f ,
√

2 · ϕ(2t − n)〉 · e−2πi(n/2)γ
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and F f is 1-periodic. At this point, we want to establish conditions on ϕ to ensure that
F f is in a ”good” space.
Aside: Note that

〈 f , 21/2 ·ϕ(2t−n)〉 = 〈 f̂ , 2−1/2 · e−2πi(n/2)γ · ϕ̂(γ/2)〉 =
1
√

2
·

∫
f̂ (γ) · ϕ̂(γ/2) · e−2πi(n/2)γdγ

If f̂ , ϕ̂ ∈ L2(R̂), then f̂ (γ) · ϕ̂(γ/2) ∈ L1(R) and

1
√

2

∫
f̂ (γ) · ϕ̂(γ/2) · e−2πitγdγ ∈ A(R) ⊂ C0(R)

which is a step towards establishing the control we need, but more work needs to be
done (not covered in class).

Part (b.) Assuming that f ∈ V1, recall that f ∈ W0 ⇐⇒ f⊥V0. Let’s show

f ∈ W0 ⇐⇒
∑
k∈Z

f̂ (γ + k) · ϕ̂(γ + k) = 0 a.e. (7.1)

Let’s begin by noting

f⊥V0 ⇐⇒ ∀n,
∫

f (t) · ϕ(t − n)dt = 0

⇐⇒ ∀n,
∫

f̂ (γ) · ϕ̂(γ) · e2πinγdγ = 0

⇐⇒ ∀n,
∑
k∈Z

[ ∫ 1

0
f̂ (γ + k) · ϕ̂(γ + k) · e2πinγdγ

]
= 0

⇐⇒ ∀n,
∫ 1

0

[∑
k∈Z

f̂ (γ + k) · ϕ̂(γ + k)
]

︸                         ︷︷                         ︸
G

e2πinγdγ = 0 (7.2)

The function G is 1-periodic and

‖G ‖L1(T) ≤

∫ 1

0

(∑
k∈Z

∣∣∣ f̂ (γ + k) · ϕ̂(γ + k)
∣∣∣)

=

∫
R̂

f̂ (γ) · ϕ̂(γ)dγ

≤ ‖ f̂ ‖L2(R̂) · ‖ ϕ̂ ‖L2(R̂),

which is finite. Then, G ∈ L1(T), so eq. 7.2 =⇒ G = 0 a.e. Then, by the uniqueness
theorem for Fourier series, we see 7.1 holds, as desired.

Part (c.) Now, let’s show that (assuming f ∈ V1)

f ∈ W0 ⇐⇒ F f · H0 + (τ−1/2F f ) · (τ−1/2H0) = 0 (7.3)
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Let’s begin by substituting ϕ̂(γ) = 2−1/2 · ϕ̂(γ/2) · H0(γ/2) into 7.1. We see that

0 =
∑
k∈Z

f̂ (γ + k) · ϕ̂(γ + k)

=
1
2

∑
k∈Z

F f

(
γ

2
+

k
2

)
· H0

(
γ

2
+

k
2

)
·

∣∣∣∣∣ϕ̂(γ2 + k
2

)∣∣∣∣∣2
=

1
2

[ ∑
k∈Z

k even

(∗) +
∑
k∈Z

k odd

(∗)
]

=

(
F f (λ) · H0(λ)

)[∑
k∈Z

|ϕ̂(λ + k)|2︸           ︷︷           ︸
Φ(λ)=1

]
+

(
F f

(
λ +

1
2

)
· H0

(
λ +

1
2

))[∑
k∈Z

∣∣∣∣∣ϕ̂(λ + k +
1
2

)∣∣∣∣∣2︸                  ︷︷                  ︸
Φ(λ+1/2)=1

]

Then, we are done, by the previous two lemmas.

Part (d.) Assume that f ∈ V1. Recall from part (a) that

f̂ (γ) =
1
√

2
· ϕ̂

(
γ

2

)
· F f

(
γ

2

)
Now, using eq. 7.3 and Corollary 6.4, we see that

f ∈ W0 ⇐⇒ f̂ (γ) =
1
√

2
· ϕ̂

(
γ

2

)
· K f

(
γ

2

)
· H0

(
γ

2
+

1
2

)
for a 1-periodic K f with K f (γ) + K f (γ + 1/2) = 0.

Note that for any 1-periodic function K, we can define L(γ) = e−πiγ · K(γ/2), and L is
one-periodic iff K(γ) + K(γ + 1/2) = 0.

Combining this with the above, we have f ∈ W0 if and only if

f̂ (γ) =
1
√

2
· ϕ̂

(
γ

2

)
· eπiγ · L f (γ) · H0

(
γ

2
+

1
2

)
where L f is 1-periodic.

Part (e.) Now, we’re almost done, using the above, we can see what ψ should be.
Define

ψ̂(γ) =
1
√

2
· ϕ̂

(
γ

2

)
· eπiγ · H0

(
γ

2
+

1
2

)
∈ L2(R̂). (7.4)

Obviously, f̂ (γ) = ψ̂(γ)L f (γ), and L f can be expanded in a Fourier series (since it’s
1-periodic):

L f (γ) =
∑
n∈Z

ĉ f ,ne2πinγ
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It follows that if f ∈ W0, then

f̂ (γ) =
∑
n∈Z

ĉ f ,ne2πinγψ̂(γ)

f =
∑
n∈Z

c f ,n · (τnψ)

If we show that {τnψ} is ON, then it forms an ONB for W0. To this, we calculate∫
R

ψ(t − m) · ψ(t − n)dt =
∫ 1

0
Ψ(γ) · e2πi(n−m)γdγ

Ψ(γ) =
∑
n∈Z

|ψ̂(γ + k)|2

We will be done if we show that Ψ(γ) = 1 a.e. on [0, 1). Expand as

Ψ(γ) =
∑
k∈Z

|ψ̂(γ + k)|2

=
∑
k∈Z

∣∣∣∣∣ 1
√

2
· ϕ̂

(
γ

2
+

k
2

)
· eπi(γ+k) · H0

(
γ

2
+

k
2
+

1
2

)∣∣∣∣∣2
=

1
2
·
∑
k∈Z

∣∣∣∣∣ϕ̂(γ2 + k
2

)∣∣∣∣∣2 · ∣∣∣∣∣H0

(
γ

2
+

k
2
+

1
2

)∣∣∣∣∣2
Using our trick of expanding the even and odd cases, note that we get

Ψ(γ) =
1
2
·

(
Φ(γ) · |H0(γ)|2 + Φ

(
γ +

1
2

)
·

∣∣∣∣∣H0(γ +
1
2

)∣∣∣∣∣2)
ϕ is an ONB, so Φ = 1 a.e.

=
1
2
·

(
|H0(γ)|2 +

∣∣∣∣∣H0

(
γ +

1
2

)∣∣∣∣∣2)
= 1 since H0 is a CMF

So, we know that {τnψ} forms an ONB for W0.

To refine the definition of ψ slightly, recall Example 6.5 and define H1

H1(γ) = e2πiγ · H0

(
γ +

1
2

)
=⇒

h1[n] = (−1)n+1 · h0[−n − 1],
√

2 · ψ̂(2γ) = ϕ̂(γ) · H1(γ), and

ψ(t) =
∑
n∈Z

h1[n] ·
√

2 · ϕ(2t − n)

Now, we need to get from W0 to all of L2(R).
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Part (f.) Recall that f ∈ W0 ⇐⇒ f (2t) ∈ W1. This extends in the obvious way as
a natural isometry Dm : W0 → Wm. Note that Dm(ψ0,n) = ψm,n, so the set {ψm,n} is an
ONB for Wm. So, we’re making progress.

Part (g.) Definition. Let {Um; m ∈ Z} be a sequence of closed linear subspaces of a
Banach space B and let

X = { f =
∑

m∈F( f )

fm, fm ∈ Um} F( f ) is a finite set (7.5)

X is the direct sum of {Um}, written
⊕

Um if each element of X has a unique repre-
sentation in terms of 7.5.

Note that Vm = Vm−1 ⊕Wm−1, and W j ⊆ Vm−1 for j < m. Then W j ⊥ Wm for all j , m.
This implies immediately that if M ⊂ N is a finite set, then

span{Wm}m∈M =
⊕
m∈M

Wm

since if
∑

fm =
∑

gm where fm, gm ∈ Wm and all but finitely many are zero, then

∀m,
∑
j,m

(g j − f j) = fm − gm ∈ Wm

⇒ ‖ fm − gm‖
2 =

∑
j,m

〈g j − f j, fm − gm〉 = 0

⇒ fm = gm

Part (h.) Extending this, we see that ∀J ∈ Z

WJ =

J⊕
j=−∞

W j = { f ∈ L2(R) | ∀ε > 0,∃gε ∈
J⊕

j=−∞

W j s.t. ‖ f − gε ‖L2(R) < ε}.

We will show that WJ = VJ+1. By our construction, we have that W j ⊆ VJ+1 for
all j ≤ J. Then

⊕J
j=−∞W j ⊆ VJ+1. Since VJ+1 is closed (by an MRA assumption),

WJ ⊆ VJ+1.

Pick f ∈ VJ+1. Then, ∃ fJ ∈ VJ , gJ ∈ WJ unique, so that f = fJ + gJ . Because
fJ ⊥ gJ , we know ‖ f ‖2

L2(R)
= ‖ fJ ‖

2
L2(R)
+ ‖ gJ ‖

2
L2(R)

, since this is basically equation (4)
in [14]’s Theorem 4.11. Continue this with unique fJ−1 ∈ VJ−1, gJ−1 ∈ WJ−1 so that
fJ = fJ−1 + gJ−1. Then, f = fJ−1 + gJ + gJ−1 and

‖ f ‖2L2(R) = ‖ fJ−1 ‖
2
L2(R) + ‖ gJ ‖L2(R) + ‖ gJ−1 ‖

2
L2(R)
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We can continuing recursively. We get { fm}, {gm} s.t. fm ∈ Vm, gm ∈ Wm, and ∀m ∈ Z
with m ≤ J

f = fm +
J∑

j=m

g j

‖ f ‖2L2(R) = ‖ fm ‖2L2(R) +

J∑
j=m

‖ g j ‖
2
L2(R) (7.6)

Consider then the element

g =
J∑

j=−∞

g j,

which can be written

g =
J∑

j=−∞

g j =

J∑
j=−∞

‖ g j ‖L2(R)h j, h j =
g j

‖ g j ‖L2(R)
.

This series converges since {h j} is orthonormal (since {g j} is orthogonal, as each g j is
in a different W j) and eq 7.6 shows that

∑
‖g j‖

2 is bounded by ‖ f ‖2 and is thus finite.
Also, all of the g j’s are in VJ+1, so any finite sum of them is in VJ+1, and this space is
closed (by MRA assumption), so g ∈ VJ+1. Now note that f − g can be written

f − g = fm +
J∑

j=m

g j −

J∑
j=−∞

g j

= fm −
m−1∑
j=−∞

g j

For every m ≤ J, both terms on the R.H.S. are in Vm, so f − g ∈ Vm. We know that⋂
V j = {0} from the MRA assumption, so f = g. Then, we see that VJ+1 ⊆ WJ and

thusWJ = VJ+1

Part (i.) It is straight-forward to conclude that

⋃
V j = L2(R) =⇒

∞⊕
j=−∞

W j = L2(R)

Part (j.) It remains only to show that {ψm,n}m,n∈Z is an ONB for L2(R). This follows
immediately from the fact that {ψm,n}n∈Z is an ONB for Wm and Wm ⊥ Wn whenever
m , n. That completes the result. �

Finally, Professor Benedetto mentioned that [7] discussed the interplay between the
various MRA assumptions and cited several books and articles that included details on
how to place these functions in various function spaces [3, 8, 9, 10, 11].
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Haar MRA Discussion
Proposition 7.2 (Haar MRA). Let ϕ = 1[0,1) and let V0 = span{τnϕ}. Define V j = { f ∈
L2(R) | 2 j/2 · f (2 jt) ∈ V0}. Then, {V j}, ϕ is an MRA.

Proof. By definition, the V j are closed linear subspaces of L2(R). That they union
to all of L2(R) and intersect only in the zero element follow from basic properties of
integration theory. �

In this case, in the notation of the MRA theorem,

h0[n] =
1
√

2
·

∫
R

ϕ(t/2) · ϕ(t − n)dt

=
1
√

2
·

∫ 2

0
1[0,1)(t − n)dt

=

 1
√

2
if n = 0, 1

0 OW

Then, to determine ψ, we consider

h1[n] = (−1)n ·h0[−n + 1] =


1/
√

2 if n = 0
−1/
√

2 if n = 1
0 OW

=⇒ ψ(t) =
∑

h1[n] ·
√

2 ·ϕ(2t−n)

Note: This is practically the same as the (−1)n+1h0[−n − 1] form developed in the the-
orem since neither integer translates nor multiplying by −1 affects the basis properties
of the wavelet system.

We see fairly easily that ψ(t) = 1[0,1/2)(t) − 1[1/2,1)(t), which is what we’ve defined as
the Haar wavelet.
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Lecture 8

28 October 2008

Separate beamer presentation provided by Emily King.
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Lecture 9

04 November 2008

This begins with some references for frames, see [4] and [16].

Definition (MRA Frames). The collection {V j} j∈Z, ϕ is a frame MRA of L2(R) if

1. V j is a closed linear subspace.

2. V j ⊆ V j+1.

3.
⋂

V j = {0}.

4.
⋃

V j = L2(R).

5. {τnϕ} is a frame for span{τnϕ} = V0.

There is a similar theory to MRAs, but we are most interested in the case of Riesz
bases.

Proposition 9.1 (Haar MRA for Lp(R), p ∈ [0,∞)). Let ϕ = 1[0,1) and set

V0 =

{∑
an · τnϕ | {an} ∈ `

p(Z)
}

Then, for each j ∈ Z,
V j = {g(t) = 2 j/p · f (2 jt) | f ∈ V0}

Then, {V j} is a frame MRA of Lp(R) with scaling function ϕ. If p = 2, then {τnϕ} is an
ONB for V0. If p , 1, 2, then {τnϕ} is a bounded, unconditional (Riesz) basis for V0. It
may not be the case when p = 1 (Prof. Benedetto unsure??), because no unconditional
basis exists for L1(R), see [13].

Proposition 9.2. Suppose that B is a Banach space which has a Schauder basis, then
B is separable.
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It is interesting that the converse of this proposition is not true, see [5] (this seems to
be an interesting aside).

Now, suppose that {V j}, ϕ is an MRA of L2(R). Then, we know (definition) that {τnϕ}
is an ONB for V0, V0 = V−1 ⊕W−1, and {τnψ} is an ONB for W−1. Then, we see that{ 1

√
2
· ϕ

( t
2
− n

)
,

1
√

2
· ψ

( t
2
− n

)}
forms an ONB for V0. So, we have constructed another ONB for V0.

Recall that we have the tree decomposition

V0

zz
zz

zz
zz

EE
EE

EE
EE

V−1

zz
zz

zz
zz

DD
DD

DD
DD

W−1

V−2 W−2

So that we have the decomposition

V0 = V−m ⊕

( m−1⊕
i=0

W−m+i

)
.

Then, the sequence of functions

{ϕ−m,n, ψ−m,n, ψ−m+1,n, . . . , ψ−1,n | n ∈ Z}

also forms an ONB for V0. So, we naturally have a large class of distinct ONBs for
V0. This is a little strange, because our tree is one-sided. We will naturally extend this
construction to a full dyadic tree to produce Wavelet packets.

First, a relevant aside. Let us define an ordering on the integers compatible with the
dyadic structure of such a tree, called the bit-reversal ordering. We will do this in-
ductively on the level, for the integers {0, 1, . . . , 2r − 1}, where r is the level. For level
1, we order {0, 1} as the tuple (0, 1). Not too interesting so far. For level 2, we order
{0, 1, 2, 3} as the tuple (0, 2, 1, 3).

In general, if we’ve ordered {0, 1, . . . , 2m − 1} as the tuple

(b0, b1, . . . , b2m−1),

then we order {0, 1, . . . , 2m+1 − 1} as the tuple

(2b0, 2b1, . . . , 2b2m−1, 2b0 + 1, 2b1 + 1, . . . , 2b2m−1 + 1)
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To motivate the name of this order, suppose we write the binary expansion for n ∈ N,
as

n =
∞∑
j=1

ε j2 j−1, ε j ∈ {0, 1}

If we consider the map f : N→ [0, 1) defined by

f (n) =
∞∑
j=1

ε j2− j,

which has the binary expansion for n written backwards (hence, bit-reversal). If we or-
der N with the natural ordering of the image f (N) inherited from the rational numbers,
then we get the above defined order. To see this in a picture, we construct a tree as
follows:

0

ssssssssss

KKKKKKKKKK

0 · 20

nnnnnnnnnnnn 1 · 20

PPPPPPPPPPPP

0 · 20 + 0 · 21 0 · 20 + 1 · 21 1 · 20 + 0 · 21 1 · 20 + 1 · 21

Now, returning to wavelet packets. From the MRA theorem, given {V j}, ϕ we construct
ψ,H0,H1 s.t.

√
2 · ϕ̂(2γ) = ϕ̂(γ) · H0(γ) and ψ̂(2γ) = ϕ(γ) · H1(γ)

Now, consider that for V−1

ϕ−1,n(t) = (1/
√

2) · ϕ(t/2 − n) =⇒ ϕ̂−1,n(γ) = e−2n(γ) · (
√

2ϕ̂(2γ)) and
√

2 · ϕ̂(2γ) = ϕ̂(γ) · H0(γ)

Similarly, for W−1

ψ−1,n(t) = (1/
√

2) · ψ(t/2 − n) =⇒ ψ̂−1,n(γ) = e−2n(γ) · (
√

2ψ̂(2γ)) and
√

2 · ψ̂(2γ) = ϕ̂(γ) · H1(γ)

Continuing to the next level, for V−2

ϕ−2,n(t) = (1/
√

2)2 · ϕ(t/22 − n) =⇒ ϕ̂−2,n(γ) = e−4n(γ) · (
√

2)2ϕ̂(4γ) and

(
√

2)2 · ϕ̂(4γ) = ϕ̂(γ) · H0(γ) · H0(2γ)
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and W−2

ψ−2,n(t) = (1/
√

2)2 · ψ(t/22 − n) =⇒ ψ̂−2,n(γ) = e−4n(γ) · (
√

2)2ψ̂(4γ) and

(
√

2)2 · ψ̂(4γ) = ϕ̂(γ) · H0(γ) · H1(2γ)

Now, define

V0 = X0,V−1 = X1
0 ,W−1 = X1

1 , V−2 = X2
(0,0),W−2 = X2

(0,1)

and θ(1,0), θ(1,1) by the formulas

(
√

2)2 · θ(1,0)(γ) = ϕ̂(γ) · H1(γ) · H0(2γ), (
√

2)2 · θ(1,1) = ϕ̂(γ) · H1(γ) · H1(2γ)

Now, define

X2
(1,0) = span{(1/

√
2)2 · θ(1,0)(t/22 − n) | n ∈ Z}

X2
(1,1) = span{(1/

√
2)2 · θ(1,1)(t/22 − n) | n ∈ Z}

Then, we have the tree

X0

{{
{{

{{
{{

CC
CC

CC
CC

X1
0

zz
zz

zz
zz

X1
1

DD
DD

DD
DD

X2
(0,0) X2

(0,1) X2
(1,0) X2

(1,1)

where each node is the direct sum of the two nodes below it. Of course, this can be
continued inductively.

Proposition 9.3. Assume that {V j}, ϕ is an MRA. Let m ∈ {0, . . . , 2r − 1} and

m =
r∑

j=1

ε j · 2 j−1, ε j ∈ {0, 1}.

Define the function θ(ε1,...,εr) by

(
√

2)r · θ̂(ε1,...,εr)(2rγ) = ϕ̂(γ)Hε1 (γ) · Hε2 (2γ) · · ·Hεr (2
r−1γ)

Let Xr
m be defined by

Xr
m = span{(1/

√
2)rθ(ε1,...,εr)(t/2r − n) | n ∈ Z}.
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Then, if k < r
Xk

n =
⊕

i∈I

Xr
i , I = {i | 0 ≤ i < 2r, i ≡ n (2k)}

In particular, we have

V0 =

2r−1⊕
i=1

Xr
i
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Lecture 10

11 November 2008

The lecture begins with a rehash of the last lecture, which I am omitting for brevity.

Definition. Let H0,H1 ∈ L2(T) with Fourier coefficients {h0[n]} and {h1[n]} respec-
tively. A sequence {wi}i∈N ⊆ L2(R) of functions is a sequence of wavelet packets
corresponding to H0,H1, if

w2i(t) =
∑
n∈Z

h0[n] ·
√

2 · wi(2t − n) (in L2(R))

w2i+1(t) =
∑
n∈Z

h1[n] ·
√

2 · wi(2t − n) (in L2(R))

Consider the Haar MRA. So, ϕ = 1[0,1) and H0,H1 s.t.

h0[n] =

1/
√

2 if n = 0, 1
0 OW

h1[n] =

−1/
√

2 if n = 0, 1
0 OW

Therefore, we see that

H0(γ) =
1
√

2
· (1 + e−2πiγ) =

√
2 · e−πiγ · cos(πγ)

H1(γ) =
1
√

2
· (1 − e−2πiγ) =

√
2 · e−πiγ · sin(γ)

Recall then that we compute ψ = 1[0,1/2) − 1[1/2,1). Now, let j = 0, then

w0(t) = w0(2t) + w0(2t − 1)
w1(t) = w0(2t) − w0(2t − 1) (10.1)
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Note that if w0 = ϕ and w1 = ψ, then eq. 10.1 is fulfilled. There is a pictorial repre-
sentation here I am neglecting.

Let’s consider what other potential solutions to eq. 10.1 would entail. Note that by
taking the Fourier transform of both sides (assuming that we can), we obtain:

ŵ0(γ) =
1
2
· (1 + e−piγ) · ŵ0

(
γ/2

)
=

1
√

2
· H0

(
γ/2

)
· ŵ0

(
γ/2

)
=

1
√

2
· H0

(
γ/2

)
·

1
√

2
· H0

(
γ/22

)
· ŵ0

(
γ/22

)
=

...
...

...

= ŵ0

(
γ/2n

)
·

n∏
j=1

( 1
√

2
· H0

(
γ/2 j

))
= ŵ0

(
γ/2n

)
·

n∏
j=1

(
e−πi(γ/2 j) · cos

(
πγ/2 j

))
Assuming that w0 ∈ L1(R) and ŵ0(0) = 1, then

ŵ0(γ) = exp
(
− πiγ ·

∞∑
j=1

2− j
)
·

∞∏
j=1

cos
(
πγ/2 j

)
= e−πiγ ·

sin(πγ)
πγ

Then, we get w0 = ϕ and w1 = ψ.

Definition. Define the sequence of functions {Rn}n∈N defined by

Rn(t) = sgn
(

sin
(
2nπt

))
are called the Rademacher functions.

Proposition 10.1. The sequence {Rn}n∈N is orthonormal.

Proposition 10.2. The sequence {Rn}n∈N does not form an orthonormal basis for L2(T).
In fact, note that ∫

cos(2πt) · Rn(t) dt, ∀n ∈ N.

Definition. The sequence of functions {w j} defined by

n =
∞∑
j=1

ε j · 2 j−1, wn(t) =
∏
ε j=1

R j(t)

are called the Walsh functions.
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Theorem 10.3 (Walsh-1923). The sequence {wn}n∈N forms an ONB for L2(T).

Proof. The orthonormality follows from the orthonormality of the Rademacher func-
tions. It suffices to prove that

span{wn} = L2(T)

Pick f ∈ L2(T), and suppose that∫ 1

0
f (t) · wn(t) dt = 0, ∀n ∈ N

We know that L1(T) ⊂ L2(T). Then, the function

g(t) =
∫ t

0
f (s) ds

is well-defined. It is continuous, by elementary properties of integration. Note that

0 =
∫ 1

0
f (t)w1(t) dt =

∫ 1/2

0
f (t) dt −

∫ 1

1/2
f (t) dt = 2 · g(1/2)

This process can be continued iteratively accross the w j to conclude that g(t) = 0
whenever t is a dyadic rational number. We know that g is continuous and the dyadic
rationals are a dense subset of [0, 1), so g must be identically 0. Then, f is identically
0, and we’re done. �
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11.1 Compressed Sensing Introduction
Definition. Compressed sensing is a sensing or sampling theory attempting to recover
certain signals from far fewer samples or measurements than traditionally used. There
are two fundamental concepts underlying compressed sensing:

1. Sparsity

2. Incoherence

11.1.1 Setup
We shall consider discrete time signals

f : Zn → R

You can think of such a signal as a vector f ∈ Rn. We are interested in sensing mecha-
nisms in which information about f is obtained through linear functionals

yk = 〈 f , ϕk〉, k = 1, . . . ,m, where n � m

where m is the number of samples, and we have undersampled.

Example 11.1 (Spikes or Delta Functions). Consider ϕk(t) = δ(t − k), so

yk = f (k) =
n−1∑
t=0

f (t) · δ(t − k)

Example 11.2 (Sinusoids). Consider ϕk(t) = (1/
√

n) · e−2πikt/n, and

yk = f̂ (k) =
1
√

n
·

n−1∑
t=0

f (t) · e−2πikt/n
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11.1.2 Shannon Sampling Theory
Suppose that f ∈ Rn and suppose that

supp( f̂ ) ⊆ {ω1, . . . , ω`} ⊆ Ẑn, where ω1 < ω2 < · · · < ω`

Shannon Sampling tells us that in order to generate a perfect reconstruction of f , then
we need m = ω` − ω1 equally spaced samples in the time domain.

Note that if ω` − ω1 is large, then we need to take a large number of measurements to
reconstruct f , even if | supp( f̂ )| is small.

11.1.3 Sparsity
Let f ∈ Rn, and Ψ = [ψ1, . . . , ψn] be an ONB for Rn. We can represent f in terms of Ψ
as follows:

f (t) =
n−1∑
k=0

xkψk(t), t ∈ Rn

f (t) = Ψ · x

Definition. We say that f is S-sparse in Ψ, if all but S of the xk are 0. Similarly, f is
S-compressible on Ψ if the xk are concentrated on a set of size S .

Given x = {xk}, let xS denote the vector defined by setting all but the largest S coeffi-
cients of x to 0. Then,

x is S-sparse ⇐⇒ ‖ x − xS ‖2 = 0
x is S-compressible ⇐⇒ ‖ x − xS ‖2 < ε

Then, if f = Ψ · x, then fS = Ψ · xS is a good approximation to f . The drawback
of this approach is that it requires sorting and processing all n coefficients of f before
reducing to fS .

11.1.4 Incoherent Sampling
Let (Φ,Ψ) be a pair of ONB for Rn. We can use Φ to sense the signal, and Ψ will be
used to represent the signal f .

Definition. The coherence between Φ and Ψ is defined as

µ(Φ,Ψ) =
√

n · max
1≤ j,k≤n

∣∣∣∣〈ϕk, ψ j〉

∣∣∣∣,
which measures the largest correlation between pairs of elements of Φ and Ψ.

Clearly, a large value of coherence means that Φ and Ψ contain correlated vectors,
and a small value of coherence means that they do not. The values for coherence are
actually bounded.

Proposition 11.3. 1 ≤ µ(Φ,Ψ) ≤
√

n

The upper bound is clear, given the assumption of orthonormality. The lower bound is
obtained as a limit letting Φ be a spike basis, and Ψ be a sinusoidal basis.
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11.1.5 Undersampling and Sparse Signal Recovery
[Undersampling]
Let M ⊂ Z∗n with |M| = m, where M is the index set of our sampling coefficients:

yk = 〈 f , ϕk〉, k ∈ M, ϕ ∈ Φ = ONB for Rn

Our goal is to reconstruct f from our samples yk.

Compressed Sensing proposes the reconstructed signal f ∗ = Ψ · x∗ as its best guess for
f , where x∗ is the solution to the following convex optimization problem:

x∗ = min
x̃∈Rn
‖ x̃ ‖1, s.t. yk = 〈Ψx̃, ϕk〉 and ‖ x̃ ‖1 =

n−1∑
k=0

|x̃k | (11.1)

So, x∗ is the coefficient sequence with minimal `1 norm, consistent with our sampled
data yk.

Proposition 11.4. Fix f ∈ Rn and suppose that the coefficient sequence x of f in the
ONB Ψ is S-sparse. Select m measurements in the Φ domain uniformly at random.
Then, if

m ≥ C ·
(
µ(Φ,Ψ)

)2
· S · log(n)

for some constant C, the solution to eq. 11.1 is exact (i.e. f ∗ = Ψ · x∗ = f ) with (high)
probability related to the value of C.

There are several important things to note about this result:

1. The role of µ, the coherence between Φ and Ψ. The more incoherent (the less
related) that Φ and Ψ, the fewer measurements are necessary.

2. We are sampling non-adaptively (randomly, not intelligently).

3. One suffers no information loss by measuring just about any set of m coeffi-
cients, which may be far less than the signal size demands according to Shannon
sampling theory. If all we know is that supp( f̂ ) ⊂ Zn, then Shannon sampling
theory asserts we need m = n samples, but the CS result indicates we need only
m ≥ C · S · log(n) samples.

4. The decoder eq. 11.1 assumes no knowledge of x.

5. The role of probability: there exist certain outstanding signals that vanish a.e. in
the Φ domain.
For example, let n = N2 and set

Φ = sinusoids, Ψ = spikes, f (t) =

1 if t = k · N, k = 0, 1, . . . ,N − 1
0 OW

It can be shown that f = f̂ → N2 − N, and the fourier coefficients of f are 0
most of the time. Random samples will be mostly 0, contrary to the result.
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11.2 Restricted Isometry Problem

11.2.1 Setup
We want to recover a signal f ∈ R` from corrupted measurements y = A · f + e, where
A is an n × ` coding matrix (full rank, n > `), and e is an unknown vector of errors.

Suppose that
‖ e ‖0 = |{k | ek , 0}| = S

For what values of S can we recover f from the measurement y? Notice that to recon-
struct f , it suffices to determine e, since y − e = A · f and A has full rank.

We want to construct an m × n matrix Φ s.t. Φ · A = 0 (take Φ s.t. ker(Φ) = range(A)),
then apply Φ to our measurements y:

ỹ = Φ · y = Φ · (A · f + e) = Φ · e

In order to find f , we want to reconstruct an S -sparse vector e from measurements
ỹ = Φ · e. Note that ỹk = 〈e, ϕk〉, where ϕk is the kth row of Φ.

If e is sparse enough, then it should be the solution to

min
d∈Rn
‖ d ‖0 subject to Φ · d = ỹ (= Φ · e) (11.2)

Note it is impossible to solve eq. 11.2 for even modestly sized signals. As an alterna-
tive, consider

min
d∈Rn
‖ d ‖1 s.t. Φ · d = ỹ (11.3)

11.2.2 Restricted Isometries
Let (v j) j∈J ∈ R

m denote the columns of Φ. For any subset T ⊆ J, define ΦT to be the
submatrix with column choices j ∈ T s.t.

ΦT ·C =
∑
j∈T

c j · v j

Definition. Let Φ be the matrix with the finite collection of vectors (v j) j∈J ∈ R
m as

columns. For every integer 1 ≤ S ≤ |J|, we define the S-restricted isometry constant
δS to be the smallest quantity s.t. ΦT obeys

(1 − δS ) · ‖C ‖2 ≤ ‖ΦT ·C ‖2 ≤ (1 + δS ) · ‖C ‖2

for all subsets T ⊆ J of cardinality at most S .

Any matrix Φ satisfying the above definition for some S and 1 < δS < 1 is said to
satisfy the restricted isometry property (RIP) of order S .
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Lemma 11.5. Suppose that S ≥ 1 s.t. δ2S < 1 and let T ⊂ J with |T | ≤ S . If f = ΦT ·C
for some arbitrary |T |-dimensional vector C, then the set T and the coefficients (c j) j∈T

can be reconstructed uniquely from knowledge of the vector f and v j’s alone (i.e. eq.
11.2 has a unique solution).

Proof. It suffices to prove that C is unique. Suppose that

f = ΦT ·C = ΦT ′ ·C′

By assumption, |T |, |T ′| ≤ S . Consider the vector d = (d j) defined by

d j = c j − c′j

By assumption, ΦT∪T ′ · d = 0 and Φ satisfies the RIP of order 2S . Then,

(1 − delta2S ) · ‖ d ‖2 ≤ ‖ΦT∪T ′ · d ‖2 ≤ (1 + δ2S ) · ‖ d ‖2

The middle term is 0, and (1 − δ2S ), (1 + δ2S ) > 0, so we see that d must be the zero
vector. In other words, C = C′, as required. �

Proposition 11.6. Suppose that S ≥ 1 s.t. δS + δ2S + δ3S < 1 and let C be a real vector
supported on a set T ⊆ J s.t. |T | ≤ S . Set f = Phi · C, then C is the unique minimizer
to eq: 11.3 where

(1 − δS ) · ‖C ‖2 ≤ ‖ΦT ·C ‖2 ≤ (1 + δS ) · ‖C ‖2

Returning to our original problem of reconstructing f from y = A · f + e, the above
proposition states that if e is S-sparse, and Φ has δS + δ2S + δ3S < 1, then one can
recover e, and hence f , through solving eq. 11.3.

11.2.3 Good RIP matrices
The following two types of m × n matrices satisfy the RIP of order S with high proba-
bility provided that m ≥ C · S · log(n/S ):

1. Matrices with i.i.d. entries following a Gaussian distribution with mean 0 and
variance 1/m.

2. Matrices with i.i.d. entries following a Bernoulli distribution with mean 0 and
variance 1/m.

This lower bound is near optimal.
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Proposition 12.1 (Gauss). Let G be a finite, abelian group. Then, G is isomorphic to

n∏
i=1

ZNi , where Ni = pki
i , pi prime

Proof of this may be found in most algebra books under the classification of finitely
generated modules over Z (or a PID).

Example 12.2. Let N be an integer. Then, consider ZN = Z/nZ. If N is prime, then
ZN is a finite field. Otherwise, ZN is a commutative ring with unity, which has (the
obvious) zero-divisors.

Definition. Let G be a finite group. The characters of G are the homomorphisms

e : G → C

Note that it is implied that |e(g)| = 1. These characters form a group themselves under
the operation of multiplication. Denote the group of characters of G as Ĝ.

Proposition 12.3. For G a finite abelian group, the group Ĝ is isomorphic to G.

Definition. The Discrete Fourier Transform x̂ of x : G → C (not necessarily a charac-
ter) is defined as

∀e ∈ Ĝ, x̂(e) =
∑
g∈G

x(g) · e(g)

Define an inner product on `2(G) by

x, y ∈ `2(G), 〈x, y〉 =
∑
g∈G

x(g) · y(g)

Example 12.4. Take G = ZN , x : ZN → C, then

x̂[n] =
N−1∑
m=0

x[m] · e−2πimn/N
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Proposition 12.5. Let G be a finite abelian group.

1. ∀e1, e2 ∈ Ĝ, then

〈e1, e2〉 =

|Ĝ| = |G| if e1 = e2

0 otherwise

2. ∀g1, g2 ∈ G, then

∑
e∈Ĝ

e(g1) · e(g2) =

|Ĝ| = |G| if g1 = g2

0 otherwise

Theorem 12.6 (Inversion & Plancherel). Let G be a finite abelian group.

1. ∀x ∈ `2(G), ∀g ∈ G,

x(g) =
1
|Ĝ|
·
∑
e∈Ĝ

x̂(e) · e(g)

2. ∀x ∈ `2(G),

‖ x ‖2
def
=

(∑
g∈G

|x(g)|2
)1/2
=

1√
|Ĝ|
·

(∑
e∈Ĝ

|x̂(e)|2
)1/2

Proof. Part (1.) Consider∑
e∈Ĝ

x̂(e) · e(g0) =
∑
e∈Ĝ

∑
g∈G

x(g) · e(g) · e(g0)

=
∑
g∈G

x(g) ·
∑
e∈Ĝ

e(g0) · e(g)

= |G| · x(g0)

Part (2.) Consider

‖ x ‖2 =
1
|Ĝ|
·

(∑
g∈G

|x̂(e) · e(g)|2
)1/2

=
1
|Ĝ|
·

(∑
g∈G

∑
e∈Ĝ

∑
e′∈Ĝ

x̂(e) · e(g) · x̂(e′) · e′(g)
)1/2

=
1
|Ĝ|
·

(∑
e∈Ĝ

∑
e′∈Ĝ

x̂(e) · x̂(e′) ·
∑
g∈G

e(g) · e′(g)
)1/2

=
1
|Ĝ|
·

(∑
e∈Ĝ

|G| · |x̂(e)|2
)1/2

�
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Proposition 12.7 (Poisson Summation Formula). Let x ∈ `2(G), H E G (subgroup),
and consider (G/H)̂: ∑

h∈H

x(h) =
∑

e∈(G/H)̂

x̂(e)

Example 12.8 (More General). Let G be a locally compact abelian group. The group
Ĝ of (continuous) characters of G is still well-defined. In this context, the group ˆ̂G is
naturally isomorphic to G.

Example 12.9 (Dyadic Example). Let

Wn =

n∏
i=1

Z2

and consider ι : Wn → Qn = {0, 1, . . . , 2n − 1} defined by

(ε1, . . . , εn) 7→
n∑

j=1

ε j · 2 j−1

This is the bijection defined by the dyadic expansion. By definition, ι carries the group
operation from Wn to the set Qn, but this is not addition mod (2n).

Example 12.10 (Cantor Group). Endow the group Z2 with the discrete topology, and
define the topological group

D =
∞∏

i=1

Z2

With the product group operation (component-wise) and topological structure (product
topology). Then, D is a totally disconnected, compact, abelian group called the Cantor
Group. Note that D as a locally compact group, is endowed with a unique, invariant,
Haar measure.

Proposition 12.11 (Fine 1949). D̂ is equivalent to the set of Walsh functions on T.

Proposition 12.12. The map Φ : D→ [0, 1) defined by

(ε j)∞j=1 7→

∞∑
j=1

ε j · 2− j

maps the Haar measure on D to Lebesgue measure on [0, 1).

Proposition 12.13. For each n ∈ N, there is a unique γn ∈ D̂ that is nontrivial only on
the nth factor. Actually, γn(x) = e−πi(πn(x)), where πn is the canonical projection onto the
nth factor. Then, D̂ =W is the set of finite products of the γn.

Theorem 12.14. In general, let G be a compact abelian group, endowed with Haar
measure. Then, Ĝ is an ONB for L2(G).

60



Lecture Notes for Math 648

Proposition 12.15 (Kolomogorov 1922). Let F ∈ L2(T), then

lim
n→∞

S 2n (F)(x) = F(x) a.e., where S N(F)(x) =
N∑

n=−N

F̂(n) · e2πinx

I missed the relevance of this result at this particular place in the lecture. I believe he
intended to connect the dots, but didn’t have time and just continued.

Now, we return to the issue of generalizing to multiple dimensions.

Proposition 12.16. Let K ⊆ Rd be Lebesgue measurable, so that K is τ-congruent to
[−1/2, 1/2]d and the set

{2m · K | m ∈ Z}

is a tiling of Rd. Let ψ̂ = 1K . Then, {ψm,n | m ∈ Z, n ∈ Zd} is an orthonormal basis for
L2(Rd).

Proposition 12.17. Assume that K0 is τ-congruent to [−1/2, 1/2]d, and

T : K0 → [−2N, 2N]d \ [−N,N]d

be a measurable, injective function with the property that

∀γ ∈ K0, ∃kγ ∈ Zd s.t. T (γ) = γ + kγ

Then, T is measure preserving.

Given K0 and T as above, consider the following construction:
First, define

A0 = K0 ∩

(⋃
j≥1

2− j · K0

)
, K1 = (K0 \ A0) ∪ T (A0)

Then, K0 \ A0 ⊆ K0 and T (A0) ⊆ [−2N, 2N]d \ [−N,N]d.

Now, define

A1 = K1 ∩

(⋃
j≥1

2− j · K1

)
, K2 = ((K0 \ A0) \ A1) ∪ (T (A0) ∪ T (A1)).

Then, ((K0 \ A0) \ A1) ⊆ K0 and T (A0) ∪ T (A1) ⊆ [−2N, 2N]d \ [−N,N]d.

Generally, define

An = Kn ∩

(⋃
j≥1

2− jKn

)
Kn+1 = (K0 \ A0 \ A1 \ · · · \ An) ∪

( n⋃
k=0

T (Ak)
)

K =
(⋂

n∈N

(K0 \ A0 \ · · · \ An)
)
∪

(⋃
n∈N

T (An)
)
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This is the construction of a K which fulfills the requirements of proposition 12.16.
Computationally, this construction may not be overly helpful, but it need not be carried
to completion to be helpful.

Proposition 12.18. A defined in the construction, for n > 0, Kn \ An defines a parseval
wavelet set, and Kn defines a frame wavelet set with frame bounds between 1 and 2.
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Let ψ be an orthonormal wavelet for L2(R). Now, ∀ j, k,m, n ∈ Z, (x1, x2) ∈ R2, define

ψ j,k ⊗ ψm,n(x1, x2) = ψi, j(x1) · ψm,n(x2)

Theorem 13.1. The set {ψ j,k ⊗ ψm,n | i, j,m, n ∈ Z} is an orthonormal basis for L2(R2).
The terminology is that ψ ⊗ ψ is a rectilinear orthonormal wavelet.

Remark: The set above consists of all possible dilates and translates of Ψ in each di-
mension. This is a gigantic set.

Let’s now consider MRAs. Let {V j} be an MRA for L2(R) with scaling function ϕ.
Define ϕ ⊗ ϕ(x1, x2) = ϕ(x1) · ϕ(x2) and

V2
0 = { f : R2 → C | f (x1, x2) =

∑
n1,n2∈Z

cn1,n2 ·ϕ⊗ϕ(x1−n1, x2−n2) where {cn1,n2 } ∈ `
2(Z2)

Proposition 13.2.

V2
0 = span{ f ⊗ g : f , g ∈ V0} = V0⊗̂V0︸ ︷︷ ︸

projective tensor product

Similarly, define

V2
j = {g(x1, x2) = f (2 j · x1, 2 j · x2) | f ∈ V2

0 }

Proposition 13.3. {V2
j } j∈Z is an MRA for L2(R2) with scaling function ϕ ⊗ ϕ and or-

thonormal wavelets ϕ ⊗ ψ, ψ ⊗ ϕ, ψ ⊗ ψ.

Proof.

V2
j+1 = V j+1⊗̂V j+1 = (V j ⊕W j)⊗̂(V j ⊕W j)

= V j⊗̂(V j ⊕W j) ⊕W j⊗̂(V j ⊕W j)
= V j⊗̂V j ⊕ V j⊗̂W j ⊕W j⊗̂V j ⊕W j⊗̂W j

�
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Definition. Let W = {ψ1, . . . , ψL} ⊂ L2(Rd). Then, W is a set of dyadic wavelets (for
L2(Rd)) if the set

{(ψ`)m,n | m ∈ Z, n ∈ Zd, ` = 1, . . . , L}

is an orthonormal basis for L2(Rd), where

(ψ`)m,n(x) = 2md/2 · ψ`(2m · x − n)

The set W is associated with an MRA {V j} with scaling function ϕ ∈ L2(Rd) if the set

{τnψ` | n ∈ Zd, ` = 1, . . . , L}

is an ONB for W0 where V1 = V0 ⊕W0 ⊆ L2(Rd).

Proposition 13.4 (P. Auscher). If W is a set of dyadic wavelets s.t. each ψ̂` has weak
smoothness and decay (e.g. |ψ̂` | is continuous and is O(|γ|−(d/2+varepsilon))), then W is
associated with an MRA.

Proposition 13.5 (Auscher, Gripenberg, Wang). If W is a set of wavelets associated
with an MRA in L2(Rd), then |W | = 2d − 1.

Proposition 13.6. The set {ψm,n | m ∈ Z, n ∈ Zd} ⊆ L2(Rd) is orthonormal if and only
if ∑

n∈Zd

|ψ̂(γ + n)|2 = 1 a.e., and

∀m ≥ 1,
∑
n∈Zd

ψ̂(2m(γ + n)) · ψ̂(γ + n) = 0 a.e.

Proposition 13.7. The set {ψ` : ‖ψ` ‖L2(Rd) = 1, ` = 1, . . . , L} is a dyadic set of wavelets
for L2(Rd) if and only if

L∑
`=1

∑
m∈Z

|ψ̂`(2m · γ)|2 = 1 a.e., and

∀n ∈ Zd \ (2Zd),
L∑
`=1

∞∑
m=0

ψ̂`(2m · γ) · ψ̂`(2m(γ + n)) = 0 a.e.
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Definition. Suppose that we have an invertible linear transformation

L : Rd → Rd.

Then, we L(Zd), a free Z module of rank d embedded in Rd. We define a lattice Λ as
the image Zd under such an invertible linear transformation. The linear transformation
will not be unique, but there will always be one which determinesΛ as it’s image. Note
that it is the embedding in Rd that makes the lattice an object of interest. All lattices
contained in Rd are isomorphic as Z modules (free, of rank d), it is the embedding
which sets them apart.

Definition. Let Λ ⊂ Rd be a lattice, and let A be a d × d matrix with the following
properties:

1. A(Λ) ⊆ Λ (A leaves Λ invariant)

2. If λ is an eigenvalue of A, then |λ| > 1.

Then, A is called a dilation matrix. This is a generalization from the 1-dimensional
dyadic case.

Example 14.1. Let Λ = Zd ⊂ Rd and A = m · Id for any integer m > 1, where Id is the
d × d identity matrix.

Lemma 14.2. Let A be a dilation matrix for some lattice Λ ⊂ Rd. Then, det(A) ∈ Z,
and | det(A)| > 1.

Proof. Let {λ1, . . . , λd} ⊂ C be the eigenvalues of A, with repetition as necessary. By
assumption, ∀i ∈ {1, . . . , d}, |λi| > 1. Then,

| det(A)| =
( d∏

i=1

|λi|

)
> 1
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It suffices to prove that the determinant is an integer. We know that Λ, so there exists
an invertible linear transformation L : Rd → Rd s.t. Λ = L(Zd). Also, A is a dilation
matrix, so

A(L(Zd)) ⊂ L(Zd).

We know L is invertible, so we see

L−1 ◦ A ◦ L(Zd) ⊂ Zd

Then, the linear transformation L−1 ◦A◦L must have only integer entries, and det(L−1 ◦

A ◦ L) is a polynomial function of these integer entries. Then,

det(L−1 ◦ A ◦ L) ∈ Z and det(L−1 ◦ A ◦ L) = det(A)

Then, we see that det(A) ∈ Z. �

Proposition 14.3. Here a few relevant change of variables formulae:

1. Let f ∈ L1
loc(Rd), g ∈ L∞(Rd) with compact support, and A be a linear automor-

phism of Rd. Then, det(A) , 0 and

( f ◦ A)(g) def
=

∫
Rd

f (A(x)) · g(x) dx =
1

| det(A)|
·

∫
Rd

f (x) · g(A−1(x)) dx

2. Let A be a linear automorphism of Rd, with adjoint A∗. Then, A∗ is an automor-
phism of Rd, (A∗)−1 = (A−1)ast, and det(A∗) = det(A).

3. Let A be a linear automorphism of Rd. If f ∈ L1(Rd), then

( f ◦ A)ˆ=
1

det(A)
· f̂ ◦ (A−1)∗

Proposition 14.4. Let A be a linear automorphism of Rd. then, A induces a unitary
operator

UA : L2(Rd)→ L2(Rd) given by f 7→ | det(A)|1/2 · f ◦ A

Definition. This extends the definition of an MRA given for 1-dimension. An MRA
associated with a dilation matrix and lattice (A,Λ) is a scaling function ϕ ∈ L2(Rd) and
”scaffolding” {V j} j∈Z such that the following hold:

1. ∀ j ∈ Z, V j ⊆ V j+1.

2. f ∈ V0 ⇐⇒ τλ f ∈ V0, ∀λ ∈ Λ.

3. f ∈ V j ⇐⇒ f ◦ A(x) ∈ V j+1, ∀ j ∈ Z (i.e. V j = U
j
A(V0))

4. ⋃
j∈Z

V j = L2(Rd)
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5. ⋂
j∈Z

V j = {0}

6. {τλϕ}λ∈Λ is an ONB for V0.

At this point, Professor Benedetto provided some motivation for why we need that all
eigenvalues of A have norm larger than 1. My notes are particularly weak here, so I
am omitting it rather than embarrass myself. I will just move directly to the wavelet
system associated with an MRA, as above.

Proposition 14.5 (Y. Meyer, MRA Theorem). Given an MRA ϕ, {V j} of L2(Rd) associ-
ated with a dilation matrix and lattice (A,Λ), let q = | det(A)|. Then, there exists q − 1
constructible functions ψ1, . . . , ψq−1 s.t. the wavelet system

{ψ`,m,λ | ` = 1, . . . , q − 1, m ∈ Z, λ ∈ Λ} where ψ`,m,λ(x) = | det(A)|1/2 · ψ`(Am · x − λ)

forms an ONB for L2(Rd).

Comments: To provide a general idea of the direction of the construction, suppose
that we have a dilation matrix and lattice, (A,Λ). Let q = det(A) and suppose that
{a`}`=1,...,q−1 is a sequence of functions defined on Λ s.t. the following hold:

1. ∑
λ∈Λ

a j(λ) · ak(A · γ + λ) = q · δ( j, k) · δ(γ, 0)

2. ∑
λ∈Λ

a0(λ) = q

Then, define
ψ`(x) =

∑
λ∈Λ

a`(λ) · ϕ(A(x) − λ), ` = 1, . . . , q − 1.

Conditions 1 and 2 on {a`(λ)} provide the orthonormality of the set of functions {ψ`}. To
prove that {ψ`} ∪ {ψ0 = ϕ} forms an ONB for V1 requires significant work. We proceed
in much the same way as for the dyadic MRA of L2(R). We consider the functions∑

λ∈Λ

a`(λ) · e−2πiλ·γ, γ ∈ Td def
= Rd/Λ,

which turn out to be QMFs.

The remainder of this lecture provides motivation or fills in holes for the above.

Lemma 14.6 (Tiling Lemma). Let Q be Lebesgue measurable, and assume that⋃
λ∈Zd

(Q + λ) = Rd.

Then, the following are equivalent:
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1. ∀λ ∈ Zd \ {0}, |Q ∩ (Q + λ)| = 0.

2. |Q| = 1.

Proof. Define the Zd periodic function

f (x) =
∑
λ∈Zd

1Q(x − λ).

Note that

|Q| =
∫
Rd
1Q(x) dx =

∑
λ∈Zd

∫
[0,1]d−λ

1Q(x) dx =
∑
λ∈Zd

∫
[0,1]d

1Q(x − λ) dx =
∫

[0,1]d
f (x) dx

By the covering hypothesis, we see that f (x) ≥ 1 a.e. The two conditions above are
clearly seen to both be equivalent to f = 1 a.e. �

Proposition 14.7. If A is a dilation matrix with lattice Λ, then |Λ/A(Λ)| = det(A).

This is proved using the tiling lemma.

Theorem 14.8. Suppose that we have an MRA ϕ, {V j} for L2(R) associated with dila-
tion matrix and lattice (A,Λ), and f ∈ L2(Rd). Here, we denote Rd/Λ as Td. Then,

1
| det(A)|1/2

· f ∈ V1 ⇐⇒ ∃H f ∈ L2(Td) s.t. | det(A)|1/2 · f̂ (A∗(γ)) = H f (γ) · ϕ̂(γ) a.e.

In this case, we have ‖H f ‖L2(Td) = ‖ f ‖L2(Rd).

Proof. We know that

1
| det(A)|1/2

· f ∈ V1 ⇐⇒
1

| det(A)|1/2
· f (A−1(x)) ∈ V0

Then, we know that

1
| det(A)|1/2

· f (A−1(x)) =
∑
λ∈Λ

h f [λ] · τλϕ(x) where h f [λ] = 〈
1

| det(A)|1/2
· f ◦ A−1, τλϕ〉

Taking the Fourier transform, we get

| det(A)|1/2 · f̂ (A∗(γ)) = ϕ̂(γ) ·
∑
λ∈Λ

h f [λ] · e−2πiλ·γ

In the original MRA calculations, we continually split the summation into the even and
odd pieces, based on the behavior of the complex exponential. In the above, we can
analogously split the summation into the cosets of Λ/A(Λ) (q pieces). It is much the
same, and we are done. �

Now, the last piece in our outlined proof of the MRA theorem.
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Proposition 14.9. Suppose that we have an MRA ϕ, {V j} for L2(R) associated with
dilation matrix and lattice (A,Λ). Let ψ0, . . . , ψq−1 ∈ V1. Then,

1. The set {τλϕ | λ ∈ Λ} is ON if and only if

q−1∑
`=0

|Gr
0(γ)|2 = q a.e.

2. The set {τλψ` | λ ∈ Λ, ` = 0, . . . , q − 1} is orthonormal if and only if the vectors

V`(γ) =
(
G0
` (γ), . . . ,Gq−1

`
(γ)

)
∈ Cq

are orthonormal a.e.

3. The set {τλψ` | λ ∈ Λ, ` = 0, . . . , q − 1} is an ONB for V1 if and only if the q × q
matrixU(γ) = (Gr

`(γ)) is unitary a.e.

I have no clue what G is, it snuck by me in the lecture.
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